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1 Introduction 



1.1 Duality for elliptic fibrations 

In this paper we are concerned with categories of sheaves on varieties fibered by genus one 
curves. For an elliptic fibration on X, by which we always mean a genus one fibration 
7i : X — ► B admitting a holomorphic section a : B — ► X, there is by now a a well understood 
theory of the Fourier-Mukai transform jMukSll IBBRP981 IBri981 IBM02j . The basic result is: 

Theorem [BM02J Let X ^_j^ B be an elliptic fibration with smooth total space. Then the 

a 

integral transform (Fourier-Mukai transform) 

FM : D\X) ^D\X) 

F Rp2*{Lp\F ® 

induced by the Poincare sheaf & — ► X X, is an auto-equivalence of the bounded derived 
category D b (X) of coherent sheaves on X . 

An important feature of FM is that it transforms geometric objects in an interesting way: 

{Bundle data: vector bundles on X, semistable of degree zero on the 
generic fiber of tt. 

fm 

{Spectral data: sheaves on X with the numerics of a line bundle on a 
'spectral' divisor Ccl, finite over B. 

This spectral construction was used to study general compactifications of heterotic string 
theory and their moduli, and especially the duality with F-theory FMW97, BJPS97t lDon97| 
IAD981 IFMW981 IDon991 IFMW99] . It was used also to construct special bundles on elliptic 
Calabi-Yau manifolds which lead to more-or-less realistic compactified theories [DOPWOla, 
IDOPWnibj . 

1.2 Partial duality for genus one fibrations 

In many applications (see e.g. [DOPWOTB llDOPWOlap one is also interested in constructing 
bundles on genus one fibrations tt : Y — > B which do not necessarily admit a section. From 
the viewpoint of the spectral construction one expects that vector bundles on Y should 
correspond to spectral data supported on a divisor C C X := Pic '(Y/B), where Pic {Y/B) 
is the compactified relative Jacobian of n : Y — > B. However it is unrealistic to expect that 
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this spectral data should again be a sheaf on C. One problem is that X is not a fine moduli 
space of objects on Y and so we do not have a Poincare sheaf on Y x B X. Another problem 
is that in the passage from Y to X we seem to be losing information. Indeed, there can be 
many different Y's with the same Jacobian X, and there is no obvious way to recover Y from 
spectral data consisting of a divisor on X and an ordinary sheaf supported on this divisor. 

The resolution of this problem is suggested by string theory. Namely, in the transition 
from Y to X one should add an extra piece of data corresponding to the physicists' B- 
field. Mathematically the holomorphic version of this data is encoded in an X -gerbe on 
X. A detailed discussion of x -gerbes and their geometric properties can be found in 
|Gir7H Bry93 IBre94| iHitOlj and in our section [XT1 A baby version of our result is that: 



Y determines a non-trivial (9^-gerbe yX on X. 



There is a gerby Fourier-Mukai transform exchanging 



[Bundle data: vector bundles on Y, semistable of degree zero on the 
[generic fiber of Y — > B. 



FM 



[Spectral data: sheaves on the gerbe yX with the numerics of a line 
[bundle on a 'spectral' divisor (yX) x x C, with C C X finite over B. 

This statement is asymmetric - we only consider vector bundles on the variety Y, and the 
spectral data appears only for the gerbe yX. The symmetry can be restored by extending 
this gerby spectral construction to a full Fourier-Mukai equivalence of derived categories. 

One peculiarity of O x -gerbes is that the categories of coherent sheaves on them, and hence 
also the derived categories, admit an orthogonal decomposition by subcategories labeled by 
the characters of O x , i.e. by the integers (see section I27T|) . For any k G Z, we will write 
D h k {yX) C D b {yX) for the k-th summand and we will call D b k {yX) the derived category 
of weight k sheaves on yX. It may be helpful to note here that when yX comes from an 
Azumaya algebra, the weight k corresponds to the central character of the action of this 
algebra. 

Related partial dualities were considered previously in |Cal02l CalOlJ in the context 



of Fourier-Mukai transforms and in DG02j in the context of the spectral construction. A 



detailed analysis of the corresponding moduli spaces and the duality transformation between 
them was recently carried out, for the particular case of Hopf-like surfaces, in [BM03b ( 
BM03al. 
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1.3 Main results: duality for genus one fibrations 

For any elliptic fibration X ^_j^ B , the twisted versions of X are parameterized by the 

analytic Tate-Shafarevich group HI an ,(X) (see section |2~2~)) . For a given j3 G HI an (X), let 
rep : Xp — > B denote the corresponding genus one fibration. On the other hand for any 
analytic space X, the analytic (9^-gerbes on X are parameterized by the analytic Brauer 
group Br' an (X) = H^ n (Ox)- For any a G Br' an (X) we denote the corresponding gerbe by 
a X and the bounded derived category of coherent sheaves on a X by D b ( a X). The latter 
decomposes naturally as the orthogonal direct sum of "pure weight" subcategories D b k {yX) 
indexed by characters of 0%, i-e. by integers k G Z. For all a G Br' an (X) and all k G Z 
there is a canonical equivalence -D£( Q X) = D\(k a X). This follows immediately by comparing 
representations of a X of pure weight k with representations of k a X of pure weight 1 or by 
the appropriate idenitfications with the category of twisted sheaves on X (see section 12. 1.1 j) . 

Consider first the case when X is a surface. We will see in section 12.31 that to any a, 
(3 G ffl ari (X) we can associate an O x -gerbe a Xp over Xp. The notation a Xg generalizes our 
previous usage: when a = we get the trivial gerbe Xp on X^, and when (3 = we get the 
gerbe a X on X = X . Our main result in the case of surfaces, proved in section El is: 

Theorem A Let 

X^^B = P 1 

a 

be a non-isotrivial elliptic fibration on a smooth complex surface X. Assume that tc has I\ 
fibers at worst. Let a, [3 G ffl an (X) be two elements such that (3 is torsion. Then there is an 
equivalence 

FM : Dl^Xp) - D^JQ 

of the derived category of weight 1 coherent sheaves on the gerbe a Xp and the derived category 
of weight (—1) coherent sheaves on the gerbe pX a . Equivalently FM can be thought of as 
an equivalence of the derived categories D\( a Xp) and D\(-pX a ). 

We will see in section 12.31 that for a higher dimensional X, the gerbes a Xp may not make 
sense for arbitrary choices of a, (3 G HI on (X). However in section |2~B1 we show that there 
exists a natural pairing (•, •) : ffl an (X) ®i ffl an (X) — ► H^ n {0^) and that a Xp can be 
defined whenever a, (3 are complementary, i.e. (a, (3) = 0. The natural generalization of 
Theorem 1X1 is the following (see Conjecture I2.19j) : 

Main Conjecture For any complementary pair a, (3 G ffl an (X), there exists an equivalence 

D\{ a Xp)^D b _ 1 {pX a ) 

of the bounded derived categories of sheaves of weights ±1 on a Xp and pX a respectively. 
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We cannot prove this in full generality, mostly due to our inability to handle the general 
singular fibers. We are able to settle the conjecture in the non-singular case, under the 
somewhat more restrictive condition that a is m-divisible and (3 is m-torsion for some integer 
m. This of course implies that a, j3 are complementary, so a Xp is well defined. For a smooth 
7r our main result is: 

Theorem B Let 

a 

be a smooth elliptic fibration on an algebraic variety X over a smooth algebraic base B. 
Assume that Br' an (B) = 0. Fix a positive integer m and let a, (3 G IlI an (X) be two elements 
such that a is m-divisible and (3 is m-torsion. Then there is an equivalence 

FM : D\{ a Xp) -> Dl^pXo) 

of the derived category of weight 1 coherent sheaves on the gerbe a Xp with the derived category 
of weight (—1) coherent sheaves on the gerbe pX a . Equivalently FM can be thought of as 
an equivalence of D\( a Xp) and D\(_pX a ). 

In fact, the proof of Theorem B is quite a bit easier than that of Theorem A, so we give 
it first, in section El The proof is based on the construction of two explicit presentations: 
the lifting presentation of a Xg, in section 13.1.11 and the extension presentation of pX w in 
section 13.1.21 together with the construction of an explicit Fourier- Mukai duality between 
them, in section l^~H 

Our two main theorems and their proofs have fairly straightforward analogues asserting 
the equivalence of the derived categories of quasi-coherent sheaves and, in the algebraic case, 
asserting the equivalence of appropriate categories of algebraic coherent sheaves. Indeed, if 
the class a happens to be torsion as well, then the spaces X a and Xp are algebraic and the 
gerbes a Xp and pX a are algebraic stacks in the sense of Artin. We will see in the proofs 
of the two theorems that the gerby Fourier-Mukai transform in this case will correspond 
to a kernel object which is algebraic and so will give rise to an equivalence of the derived 
categories of weight one algebraic coherent sheaves. 

1.4 Duality for commutative group stacks 

As was pointed out by Arinkin, our Theorem [B] (but not Theorem [XJ) fits very naturally in 
the context of commutative group stacks (cgs). The (9^-gerbe a X is a family of cgs over B 
which is an extension: 

— > BG m — > a Xo — ► X — ► 

of X by the classifying stack of G m . The torsor Xp, on the other hand, is not a cgs over B\ 
but it does determine one, namely the extension: 
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of Z by X, where Xp is recovered as the inverse image of 1 6 Z. Similarly, the gerbe 
aXp which we construct, using either the lifting presentation (when f3 is m-torsion) or the 
extension presentation (when a is m-torsion), determines a cgs X = a Xp which has a 
two-step filtration, with sub BG m , middle subquotient X, and quotient Z. This can be 
considered either as an (9£-gerbe over X@, or dually as a torsor over a X. In particular, the 
derived category D b ( a Xp) is graded by Z x Z. 

Now quite generally, such a cgs has a dual cgs i*T v which has a similar two-step 
filtration with the roles of the sub and the quotient interchanged. There is a Poincare sheaf 
& which is a biextension of S£ y x S£ by G m , and it induces a Fourier-Mukai transform 
which is an equivalence of categories D b (^ v ) ~ D h (££) interchanging the two Z gradings. 
Our Theorem iBl can therefore be interpreted as saying that the cgs dual to a Xp is pX a ] the 
previous version is recovered by restricting the equivalence to the piece of bidegree (1, — 1). 
This is explained in some more detail in the Appendix El which D. Arinkin kindly wrote for 
us. 

This duality picture has a straighforward extension to more general cgs 3£ over B: these 
are again endowed with a two step filtration C W-i& C Wq3£ = 3£ ', where 

gr_ 2 = W_ 2 5£ = BT for some affine torus bundle T — > B, the middle subquotient 
is some abelian scheme A — > B and the last quotient gr is some bundle A — > B of finite 
rank free abelian groups over B. The dual cgs i£~ v is again the stack of homomorphisms 
Hom cgs (^T, BG m ) and one expects that in good cases the duality gives rise to an equivalence 
of the appropriate categories of representations. 

Arinkin calls the cgs described in the previous paragraph 'Beilinson's one motives' since 
they were considered by Beilinson (unpublished) in the context of the theory of mixed mo- 
tives. The cgs 3£ are formally very similar to the classical one motives studied by Deligne in 
|Del74j . The one motives of |Del74j can be viewed either as certain mixed Hodge structures 
of level < 1 or as cgs jj£ defined over C. As a commutative group stack, every Deligne's 
one motive ^# is equipped with a two step filtration C W-\^ C WqJV = 

for which gr_ 2 = T for some affine torus T, gr__ 1 = A is a polarized abelian variety, and 
gr = BA for some free abelian group A of finite rank. If we now look at families of Deligne's 
one motives defined over some base B we arrive at cgs over B which are of essentially the 
same shape as the Beilinson's one motives, but with the stackiness appearing at a different 
subquotient of the filtration. Furthermore, as explained in |Del74j . the dual of a Deligne's 
one motive ^ is the cgs ^ v := Hom c gg (^#, BQ m ), which is again a one motive of the 
same type with gr_ 2 M y = Hom(A, G m ), gr_ x ^ y = A (the dual abelian variety to A), and 
gr ^ v = BHom(T, G rn ). 

In fact, we can view Hom cgs (», BG m ) as a transformation acting on commutative group 
stacks, which preserves the two natural families of Deligne's and Beilinson's one motives 
and induces a duality on each of these families. Moreover, since in both cases the duality is 
realized in terms of suitable biextensions of !% x and ^# x ^ v , one expects that the 
duality of cgs will give rise to an equivalence of the corresponding categories of representations 
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of cgs. For the specific stacks a Xp this is precisely the content of our Theorem [BJ 
1.5 The non- commutative aspect 

Results having the general shape of Theorem [X] were anticipated in the physics literature. 



In fact, Ganor-Mihailov-Saulina have conjectured in GMSOO that when Y is a genus one 
fibered K3 surface, there should exist a non-commutative deformation yX of X = Pic (Y/B) 
and a categorical equivalence between instantons on yX and spectral data on Y . This is a 
special case of Theorem |XJ 

This statement admits an intriguing interpretation in terms of non-commutative geome- 
try, a topic currently of high interest to physicists |NS98|lKK()01| . According to the general 
yoga of deformation quantization (see e.g. iKonOlj ). any symplectic (or Poisson) structure 
on X is the first term in a non- commutative deformation of its structure sheaf. In a suitable 
algebro-geometric context, e.g. on a K3, a symplectic structure 9 has three incarnations: 
as a real 2-form 0r, a holomorphic 2-form 8 2,0 , or an antiholomorphic 2-form 6 ' 2 . Then 
#r determines a "non-commutative four-manifold", and 8 2,0 determines a "non-commutative 
K3" . The third incarnation, 8 0,2 , gives both the element Xg in the Tate-Shafarevich group 
ffl(X) and the (9^-gerbe gX. In this sense, Theorem |X] can be viewed as an affirmative 
answer and a generalization of the |GMS00j conjecture. 



1.6 Modified T-duality and the SYZ conjecture 

The celebrated work of Strominger, Yau and Zaslow |SYZ96j interprets mirror symmetry 
of Calabi-Yau spaces in terms of special Lagrangian (SLAG) torus fibrations. If a CY 
manifold X (with "large complex struture") has mirror X', |SYZ96j conjecture the existence 
of fibrations tt : X — > B and 7r' : X' — > B whose generic fibers are SLAG tori dual to 
each other: each parameterizes U(l) flat connections on the other. In particular, each of 
these fibrations admits a SLAG zero-section, corresponding to the trivial connection on the 
dual fibers. The analogy with the theorem of [BM02 is clear: the SLAG torus fibration on 
the Calabi-Yau threefold replaces the elliptic fibration on the surface, and mirror symmetry 
(interchanging D-branes of type B with D-branes of type A) replaces the Fourier-Mukai 
transform (which interchanges vector bundles with spectral data). 

Our work suggests that the SYZ conjecture should be extended to a SLAG analogue 
of Theorem 1X1 or of the Main Conjecture, in which the physical B-fields a G H 2 (X, R/Z) 
play the role of our gerbes. This extension leads to an integrable system structure on the 
moduli space underlying mirror symmetry. We give an informal discussion of these matters 
in section and we hope to return to them in future work. 

1.7 Modularity 

As often happens in physics, the Fourier-Mukai functor FM : D\{ a Xp) — > D\{_i 3 X a ) is just 
one particular element of a whole collection of dualities. For simplicity consider only the 
case of a projective elliptic surface tc : X — > B. In this case, our Fourier-Mukai duality works 
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for any pair of elements (a,/3) G HI(A) x HI(A) in the algebraic Tate-Shafarevich group. 
Thus the Fourier-Mukai functor corresponds to the action of the matrix 

(_°! j)eSL(2,Z) 

on the Cartesian square ffl(A) x2 of the abelian group ffl(A). Moreover, one can show (see 
e.g. section l2~3j) that for surfaces the natural map Tp : HI(A) — > Br'(Xp), used to define our 
gerbes, has kernel generated by the element (3 G HI(A). In particular, Tp(a + 0) — Tp(a) 
and so the gerbes a +pXp and a Xp are isomorphic. A choice of such an isomorphism gives 
rise to an equivalence D\( a+ pXp) = D\{ a Xp) which corresponds to the action of the matrix 

(I J) GSL(2,Z) 

on HI(A) x2 . Since these two matrices generate SL(2, Z), it will be very interesting to 
investigate which braid group extension of SL(2, Z) acts on LJ Q , j g e nim Di( a Xp), lifting the 
action on HI(A) x2 . In the case when the Mordell-Weil group of X is trivial we expect 
this extension to be central and to be related to the extensions appearing in jPo!96l Pol02j, 
OrlQ2j and |ST01| . We do not discuss this question here but hope to return to it in a future 
work. 

1.8 Twisted sheaves 

Another context in which Theorem [X] turns out to be relevant is the theory of twisted 
sheaves on a complex space which admits a genus one fibration. Recall ICalOOl that for any 
O x -valued Cech 2-cocycle a on a complex space X, one can consider the abelian category 
of a-twisted sheaves on X and its derived category D b (X, a). By definition, an a-twisted 
sheaf on A is a collection of coherent sheaves defined over open sets in A, together with 
gluing data on overlaps which satisfy the a-twisted cocycle condition on triple overlaps (see 
[CalCW or our section 12. 1.11 for details). Refininig the open covering or changing the cocycle 
by a coboundary results in an equivalent category of twisted sheaves. Twisted sheaves on 
Calabi-Yau manifolds, and in particular on genus one fibered Calabi-Yau manifolds, were 
recently studied by A.Caldararu |Cal00l ICal02| . In particular, he observed jCalOlj that in 
the case of a K3 surface, the derived category of a-twisted sheaves possesses certain natural 
Fourier-Mukai partners. The starting point of his analysis is the observation that if A is 
a smooth projective K3 surface, then every element a G H^ t (X,O x ) can be interpreted as 
a homomorphism a : Tx — > Q/Z, where Tx denotes the transcendental lattice of A (see 
|Cal01| or section 12.1. lj) . This interpretation suggests the following: 

Caldararu's Conjecture Let A and Y be two projective K3 surfaces and let a G 
# 2 (A,C> X ) and G # 2 (Y,C> X ). Then the derived categories D\X } a) and D b (Y } (3) are 
equivalent as triangulated categories iff the lattices ker(a) C T x and ker(/3) C T Y are 
Hodge isometric. 
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When both a and (5 are zero, the conjecture is true in view of a theorem of D.Orlov |Qrl97 
asserting that two smooth projective K3 surfaces have equivalent derived categories iff their 
transcendental lattices are Hodge isometric. This has been extended by Caldararu, who 
used Mukai's quasi-universal sheaves for non-fine moduli spaces of sheaves on K3 surfaces to 
deduce that the conjecture holds whenever one of the classes, say /3, is trivial. The algebraic 
case of our Theorem A proves Caldararu's Conjecture in a series of new cases, with both a 
and P non- zero. 



Indeed, if ir : X — > B is an elliptic K3 surface and if a, (5 G HI(X) are two elements in 
the algebraic Tate-Shafarevich group, then the natural identification ffl(X) = H^ t (X,O x ) 
coming from the Leray spectral sequence allows us to view both a and (3 as homomor- 
phisms Tjf — > Q/Z. Using this interpretation one checks immediately that the tran- 



scendental lattices of the K3 surfaces X, X a and Xp satisfy T Xa = ker(a) C T x and 
T x = ker(/3) C T x , where it is understood that all the equalities are Hodge isometries. 
Let Tp(a) G Br' an (Xp) = H% n (Xp, O x ) denote the class of the gerbe a Xp. Assuming that a 
and P are in general position in H^ t (X, O x ), i.e. that the cyclic subgroups generated by a 
and P intersect only at zero, we have natural identifications of Hodge lattices: 



ker 
ker 



T Xa ^ Q/Z 



X;4 



/z 



ker(a) n ker(^) C T x 
ker (a) n ker (p) C T x 



In other words - the hypothesis of Theorem [X] implies the hypothesis of Caldararu's con- 
jecture. Combined with the remark that D b (X a ,T a (P)) = D\( a Xp) and D b (X j3 , -T p (a)) = 
D^lpXa), this shows that Theorem 1X1 implies an interesting new case of Caldararu's con- 



jecture (see Corollary 14.61 for a slightly more general statement). Note that the condition 
(required in the statement of Theorem |XJ that P should be torsion, is vacuous in this case, 
since for a smooth projective surface X, both the cohomological Brauer group H^ t (X,O x ) 
and the Tate-Shafarevich group HI(X) are torsion groups. 



The paper is organized as follows. In Section |21 we recall some standard facts about the 
geometry of O x gerbes and genus one fibrations. We also derive the compatibility condition 
between two Tate-Shafarevich classes and state a general conjecture on the equivalence of 
derived categories for gerbes over genus one fibrations. In Section El we introduce the main 
characters appearing in the proofs of the two theorems stated above. Working in the setup of 
Theorem El we define two geometric presentations - the lifting and extension presentations 
- for the gerbes a Xp and pX a . Furthermore, we construct an integral transform between the 
corresponding atlases. We show that this integral transform sends descent data to descent 
data and gives rise to an equivalence of the derived categories of the gerbes, thus proving 
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Theorem [BJ Section 0] deals with the case of surfaces. We show how, in the case of a 
surface, one can extend the lifting and extension presentations across the singular fibers and 
produce a Fourier-Mukai transform between the corresponding gerbes. We again check that 
this transform is an equivalence, which proves Theorem El Finally, in Section El we discuss 
the analogy between algebraic gerbes over genus one fibrations and flat gerbes over SLAG 
3-torus fibrations on Calabi-Yau threefolds. We describe a conjectural picture which amends 
the Strominger-Yau-Zaslow version of mirror symmetry to incorporate non-trivial B-fields 
on both sides of the mirror correspondence. 

Acknowledgments: We would like to thank D.Arinkin, A.Caldararu, M. Gross, A.Kresch 
and D.Orlov for insightful discussions on the subject of this paper. We would also like 
to thank KITP and MSRI for providing a stimulating research environment during certain 
stages of the preparation of this work. 

2 The Brauer group and the Tate-Shafarevich group 

We need some basic facts relating elements of the Brauer group to elements of the Tate- 
Shafarevich group of an elliptic fibration. We discuss O x -gerbes and the Brauer groups 
which classify them in section |2~T1 then genus-1 fibrations and the Tate-Shafarevich group 
which classifies them, in section |2~21 For an elliptic fibration there is a simple, direct relation 
between these two groups. The extension to genus-1 fibrations though is more delicate, and 
is defined only when a certain alternating pairing vanishes. This is discussed in section 12.31 

2.1 Brauer groups and (9 x -gerbes 

In this section we review the notions of (9 x -gerbe and presentation, and discuss the relation- 
ship between (9 x -gerbes and elements in the Brauer group. 

2.1.1 ^T-gerbes 

Let M 1 be a sheaf of abelian groups on a topological space (or a site) A. The case of main 
interest for us is when (A, Ox) is a ringed space and Jf? = O x is the sheaf of invertible 
elements in the structure sheaf. In fact, most of the time we will have = O x in either the 
etale or the analytic topologies on a complex scheme (or an algebraic or analytic space) X. 
In section |5] we will be interested also in the case when M' is the sheaf of germs of smooth 
maps from a C°° manifold X to the circle S 1 . 

An Jif '-gerbe on A is a global structure on X which "locally looks like the quotient of X 
by the trivial action of Jif" . More precisely "the quotient of X by the trivial action of Jif" is 
the classifying object BJif. For example, in case J$f is the sheaf of holomorphic maps from 
A to a fixed group H, BJ4? is the sheaf of sections of A x BH over A, where BH is the 
classifying space of H. In the general case, B^ can be interpreted either as a topological 
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space over X (defined up to homotopy), or as a stack in groupoids over X (see [LMBOO, 
§3] for the definition). We adopt the second approach and treat BJ^ as a stack (= 'sheaf 
of categories'): over any open set V, the objects of BJf{V) are the ^-torsors on V and 
the morphisms are the isomorphisms of torsors. In particular, the automorphisms of the 
trivial torsor ly are given by elements in Jif(V). Note that BJif is in fact a commutative 
group stack over X with a group structure given by convolution of J^-torsors. Explicitly, 
for any two ^-torsors A' and A" over V the convolution A' £g> A" is defined as the ^-torsor 
(A' x A")/ ker(mjif), where : JV x Jj? — > Jif is the multiplication map. 

Definition 2.1 An Jif -gerbe on X is a BJif torsor, i.e. a stack of groupoids a X over X , 
which is equipped with a principal homogeneous action of BJV . 

Remark 2.2 • Explicitly, a stack of groupoids a X — > X is an Jif -gerbe if for any open 
V C X and any object s of a X(V) we have chosen isomorphisms Jif(V) = Aut a x(v)(s), 
compatible with pullbacks. 

• In the literature |Gir71j . |Bre90| IBre94j . one encounters a more general notion of an Jf- 
gerbe, namely - a stack 3? of groupoids on X, which is locally isomorphic to BJif. These 
more general gerbes are classified by the first cohomology of X with coefficients in the 1- 
truncated simplicial abelian group Jif — > Aut( Jif) [Bre90j. They are intimately related to 
the forms of Jif, i.e. to sheaves of groups on X which are only locally isomorphic to Jif. 
This relatishionship is based on the identification Out(Jif) = Aut x (BJif): to any — > X, 
which is an Jif -gerbe in this more general sense, one naturally associates an Out(^f)-torsor 
band(^) := Isom x (^, BJ^) - the band of the gerbe 2f |Gir71j . jBreQOj . A gerbe & is said 
to be banded by ffl if it is equipped with a trivialization of the torsor band(^). When 
is abelian, this condition is equivalent to requiring that for any open V and any s G ST we 
have chosen isomorphisms Jf?(V) = Aut.gr (s) in a way compatible with pullbacks. In other 
words, the more restrictive notion of an Jif '-gerbe that we have adopted in this paper is the 
same as the standard notion of an J^-banded gerbe (at least for an abelian Jif). We will 
casually ignore this distinction and will call all our gerbes simply Jif-gerbes. 



In case Jif = 0\ (in the relevant topology), the classifying stack BO\ is the sheaf of 
Picard categories &ic{X): for an open U, the objects of &ic(X)(U) are by definition the 
line bundles on U, and for two objects L, M e ob(£Pic(X)(U)) the set Hom^ !C (x)(L, M) is 
defined to be Isom(L,M). An 0\ gerbe a X assigns to each open U a ^ic(X) (£7)-torsor, 
denoted £Pic a (U), with a compatibility of the assignments to different C/'s. We can thus 
think of a section of an (9^-gerbe as a twisting of the notion of a line bundle on X. More 
generally the sections in an Jif-gerbe are twistings of the notion of an ^-torsor on X: 
simply replace in the previous discussion each appearance of &ic with ^ors^ - the group 
of ^"-torsors. This interpretation suggests that the group classifying Jif-gerbes should 
be H 2 (X,Jf). When Jif is abelian this statement can be made precise via the standard 
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cohomological machinery |Mil80t IV. 2] or |Gir71j . |Bre90j (but keep in mind that our ffl- 
gerbes are the ^-banded gerbes of loc. cit.) . 

In more down to earth terms the interpretation of the elements in H 2 (X,Jif) as equiv- 
alence classes of gerbes can be seen as follows. Assume that we are in the good situation 
when the cohomology of Jrff can be computed in Cech terms. Let {c%fc} be an ^-valued 
Cech 2-cocycle w.r.t. an open cover {C/j} of X. An object L of J^ors^ is defined to be an 
assignment of an ^(L^)-torsor L(Ui) to each C/j, together with transition functions 

9ij : L(Ui) ®^ {Ui) J^iU^LiUj) ® mU]) J^iUij) 

satisfying the twisted cocycle condition: 



9ij ° 9jk ° 9ki = ot ijk 

on triple intersections. A morphism between two a-twisted ^-torsors V and L" is given by 
a compatible collection of isomorphisms L'(Ui)^L"(Ui). 

Similarly we define the category ^ors^iU) for any open U. The resulting sheaf of 
categories (=stack) £7~ors^ on X is by definition a torsor over BJif = SFors^ , i.e. an J^ 9 - 
gerbe, which we denote by a X. Clearly two cocylces which represent the same cohomology 
class in H 2 (X,Jif) define isomorphic gerbes. Conversely, if sheaf cohomology on X can be 
computed in Cech terms, any ^-gerbe arises this way from some a w.r.t. a sufficiently 
refined cover |Cir71j . |Bre90l lBre94j . 



Notation: • Given an Jrf? '-gerbe ST over X we write G H 2 (X, Jrff) for the element that 
classifies it. 

• The base space X for an Jj? '-gerbe 3? — > X is called the coarse moduli space of 2? . This 
terminology reflects the fact that X represents the sheaf of sets ttq(^), i.e. the sheaf of 
isomorphism classes of sections in 3F. 



Basic construction: Starting with an algebraic (or analytic) space X and a short exact 
sequence of sheaves of groups 

with J^-abelian, we get a coboundary map 5 : H X (X, — > H 2 (X,Jrf?). This admits the 
following lift on the level of torsors and gerbes: a J?T-torsor ^ with class [^] G H 1 (X, JtT) 
determines an Jf-gerbe 5(f&) with class G H 2 (X,J^). Explicitly, for an open U, 

5(^)({7) is the category of pairs (@, l) where @ is a ^-torsor on U and i : Q> — > ^ is 
an isomorphism of J?T-torsors on U. 



A familiar special case involves the sequence 

1 - 0\ - GL n (O x ) - FGL n {O x ) -> 1. 
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It says that every projective bundle on X gives rise to an O^-gerbe which is trivial if and 
only if the projective bundle is a projectivization of a vector bundle. 

If (X, Ox) is a nice ringed space for which cohomology can be computed in Cech terms, 
then the choice of a G H 2 (X, O x ) gives rise to the notion of a-twisted sheaves on X. More 
precisely, let il = {Ui} be an open cover of X (in the topology under consideration) and let 

a = {a tjk }eC 2 (ii, O x ) 

be a 2-cocycle representing a G H 2 (X,Ox)- One defines an a-twisted sheaf on X as a 
collection {F;} of sheaves Fj — > Ui of Ox -modules, together with a collection of gluing 
isomorphisms 

satisfying Lp u = id, y> y = cpj- 1 , and o yj ifc ° (fjk ■ F i\u l3k -» ^it/y* is given by multiplication 
by ay*;. Given two a twisted sheaves F = {Fi,{pij} and G = {C?i,7y} we define a homo- 
morphism / : F — > G to be a collection / = {/*} of sheaf morphisms fi : Fj — > Gi satisfying 
fi ° fij = 7y ° fj- Composition is defined in an obvious way and so we obtain a category 
of a-twisted sheaves, which depends both on the cover il and on the cocycle a. It can be 
checked |CalOO[ Section 1.2] that the operations of passing to a refinement il' of il and of 
replacing a by a cohomologous cocycle a', give rise to an equivalent category of a'-twisted 
sheaves. Thus for any a G H 2 (X,O x ) we get category (Ox, a) -mod of a-twisted sheaves 
on X (defined only up to a non-canonical equivalence). An a-sheaf F on X is called quasi- 
coherent (respectively coherent) if each F is quasi-coherent (respectively coherent). We will 
write QCoh(X, a) and Coh(X, a) for the categories of quasi- coherent and coherent a-twisted 
sheaves. Note that (Ox, ot) -mod, QCoh(X, a) and Coh(X, a) are all abelian categories. 

More intrinsically the a-twisted sheaves on X can be interpreted as weight one sheaves 
on a X, where a sheaf on a X is understood as a representation of the sheaf of groupoids 
a X — > X. To spell what this means, let us denote by =2Cohx the stack of quasicoherent 
sheaves on the space X. Let i?f — > X be any fibered category over X. Recall (see e.g. 
[Del90, Section 3.3] or [LMBOO, Definition 13.3.3]) that a representation of 3£ is a morphism 
F : i?f — > =2Cohx of fibered categories defined over X. Explicitly this means that for any 
algebraic (or analytic) space T X we are given a finctor Ft ■ 5£{T) — > QCoh(T) so that 
Ft is compatible with base changes. 

In particular, if a X — > X is an O^-gerbe, then a representation of a X is a X-functor 
F : a X —>■ J^Cohx- Given an integer n we say that F is a pure a X -representation of weight 
n if for any open U C X and any section L G a X(U) the natural sheaf homomorphism 
Xut u (L) — > Autg rf-FfL)) induced by F factors as 

AutaW— Aut^W) 

o x — ^ ro x 
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where in the bottom row the map is the raising into power n. It is instructive to point out 
that when we are dealing with the trivial gerbe qX on X, a representation of $X is nothing 
but a quasicoherent sheaf F on X equipped with a direct sum decomposition F = (B n &F n 
into quasicoherent sheaves F n so that a locally defined function / e Ox acts on F as 
multiplication by f n on F n . The reader can check as an exercise that the category of 
representations of a X of pure weight one is equivalent to the category QCoh(X, a) and 
that the category of representations of a X of pure weight n is equivalent to the category 
QCoh(X, no). 



2.1.2 Geometric gerbes and their presentations 

In this section we recall a more geometric approach to Jif '-gerbes which involves gluing of 
certain good local models. This exploits the standard idea that various geometric objects 
can be conveniently presented in terms of an atlas modulo certain gluing relations on it. For 
example, for a a manifold X, an atlas U can be taken to be the disjoint union U = LL ^ of 
coordinate charts, and the gluing can be specified by the closed subset of relations 

R:=U x x U CU xU, 

which comes together with two maps s,t : R — > U (corresponding to the two projections of 
U x U onto U) each of which is a local diffeomorphism. Analogously, presentations can be 
used to define schemes, algebraic spaces and analytic spaces. 

Formally, a presentation by objects in a (fibered) category ^ (or a groupoid in'tf) consists 
of the following data: 

(atlas) an object U of ^ 

(relations) an object R of ^ 

(source-target maps) R t-U 

(composition map) R Xu R m > R 

(inversion map) R — l -^R 

( ident ity map ) U — ^->- R . 

These data are subject to the obvious analogues of the group axioms, applied to the maps 
m, i and e. 

Note that any morphism 7 : U — > X in ^ determines a presentation (*K, U, m, i, e) in 
where: := U Xx U; the maps s, t are the two projections; the composition map m sends 
(a, b) x (b, c) to (a, c), i sends (a, b) to (b, a); and e is the diagonal map. In this situation we 

identify X with the quotient C//SH and we will say that £K ^ TJ is generated by 7. 

Let now 7 : U -^Xbea morphism of complex schemes and let 

m=^u—^x 
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be the presentation of X generated by 7. Let p 1 ,p 2 ,m : Xjj 9\ — > 9^ denote the two 
projections and the multiplication map respectively. Let H be an abelian group scheme over 
X, Jrf? — > X its sheaf of sections, Sj its pullback to *R via 7 o s = 7 o t, and let 7r : i? — > £K 
be an i>torsor over JH. In order for 

s 

R j. U , with s := s o 7r, t := t o 7T, 
t 

to be a groupoid we need a biextension isomorphism 

plR(3\)* 2 R -> m*,R 
of torsors over !>H x [/ 9% as well lifting 

e:U^R 

of c, i.e. a trivialization of e*i? on [/. Given these data we obtain a new presentation 

s 

(R lU,m, i, e). 
t 

We claim that this presentation determines an J^-gerbe [U/R] on X, which we can interpret 
as the (stacky) quotient of U by R. 

Indeed, for any open V in X, define [U/R]'(V) to be the category of pairs (T,j), where 
T is an if-torsor over JJw and 

■ . t * T ^ 5 * T0R 

is an isomorphism of ^-torsors on £H. As V varies, this gives a prestack [U/R]' of groupoids 
over X. We define [U/R] to be the stackification (see Remark 12.31 below) of [U/R]'. By 
construction [U/R]'(V) is a torsor over the tensor category of pairs (T ,j ) where T is an 
iY-torsor over U\y and 

jo : t*T $ t*T 

is an isomorphism of fj-torsors on SHiy. The stackification of the latter is identified, via 
descent, with BM' and so [U/R] is indeed an J^-gerbe on X. 

Remark 2.3 The necessity of taking stackification in the above construction is dictated by 
the subtlety of the conditions required to have a 'sheaf of categories'. Let — > X be a 
category fibered in groupoids. Recall that there are two types of sheaf-like conditions on can 
impose on JT: 

(1) For any open V C X and any two objects £,77 G the presheaf of sets 

(open W C V) 1— > Homjr(jy)(£|VK, r)\w) is required to be a sheaf. 

(2) If V = UiWi is an open covering of V and we have 
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. & G ob(JT(W i )); 

• fij '■ £j\Wij~*£i\Wij isomorphisms satisfying the cocycle condition; 
then we require the existence of an object £ € ob(ijT(V)) together with isomorphisms 

Now if satisfies (1) we say that 3£ is a prestack over X and if it satisfies (1) + (2), then 
we say that 5£{X) is a stack. 

Given any prestack SE one shows (see [LMBOO, § 3] for details) that there is a unique 
(up to equivalence) stack 2£ a — > X together with a map i?f — > i^" a which is fully faithful 
and locally on X is essentially bijective. The stack SE a is called the stackification of 3£ and 
is completely analogous to the sheaf one associates with a presheaf of sets. 



Remark 2.4 (i) We say that a groupoid (R ? U , m, i, e) of algebraic (or analytic) spaces 

is smooth (respectively etale) if the structure maps s and t are smooth (respectively etale). 
The stacks SC — > X over X which admit a smooth or etale groupoid presentation (lifting 
a presentation for X) are the stacks which are closest to schemes and on which one can do 
geometry in essentially the same way as on spaces. In fact if is a stack which admits a 
smooth (respectively etale) presentation, then is called an Artin algebraic stack (respec- 
tively Deligne- Mumford stack) and is the main object of study in the algebraic geometry of 
stacks [LMBOO! . 

We consider only stacks for which the diagonal map 3E — > 2£ x x 3£ is affine. Note that 
for an J^-gerbe a X —>■ X, the condition of having an affine diagonal is equivalent to H — > X 
being an affine group scheme. In particular a X is an algebraic stack (in the sense of Artin) 
if and only if a X has a groupoid presentation. 

(ii) The case of main interest for us is when H = G m , so £f = 0\. In this case R is the 
total space of a (punctured) line bundle on and j, jo are isomorphisms of line bundles. 

(iii) The above discussion has an obvious analogue where schemes are replaced by (algebraic 
or analytic) spaces or manifolds. 

(iv) Not every presentation of X will lift to a presentation of a given gerbe a X. For example, 
only the trivial gerbe oX = BJt? — > X can be presented by a lift of the trivial presentation 
X » X — > X generated by idx : X — > X. However if a = {a^} is an ^-valued Cech 
cocycle w.r.t. an open covering {C/j} of X, then the presentation of X generated by 7 : U = 
[J Z7j — > X can be lifted to a presentation 

e — ru^^x 
t 

for an Jff-gerbe Q X, whose classifying element is the class a = [a] G H 2 (X,Jif). To define 
this presentation we take R := LL^r/ x Jrf? with its natural projections s and i onto 



16 



U = Yii U{. The multiplication map m : R Xu R — > R sends a point 

(x;a,b) G f/yfc x x H x x H = ([/„■ x x #) (C/ jfc x x H) <Z Rx v R 

to the point (x; a^fc ■ a ■ b) G C/^ x x H . The inversion i : R R sends (x, a) G £4,- x x H to 
the point (x, a -1 ) and the identity e : [7 — > i? sends x G C/j to the point (x, x; 1) G Ua x x H. 

Slightly more generally: the same reasoning shows that for any map of complex spaces 
7 : U — * X and any a G H 2 (X, Jf?) it follows that the presentation of X generated by 7 can 
be lifted to a presentation for the J^-gerbe a X if and only if 7*0; = G H 2 (U, j*J(f). 



Basic construction, continued: Assume we are given a short exact sequence of sheaves 
of groups 

1 ^ ^ X -> 1 

on an algebraic (analytic) space X. Suppose that is commutative and that the sheaves 
J^ 3 , and are represented by group schemes H, G and K respectively. In section E. 1.11 
we associated to every X torsor ^^lan Jf 7 gerbe 5{S~) with class G H 2 (X, Jf). 

In this situation the gerbe comes with a natural presentation: 

R==XU **5(&). 

Here 7 : U — > X is the scheme representing and i? is defined as follows. The presentation 
of X generated by 7 has 91 = {7 x x U = U x x K since {7 is an i7-torsor. Furthermore, 
under the identification = U x x K the structure maps s and t become the projection on 

U and the action of K respectively. In other words 9\ * TT is the transformation groupoid 

for the action of K on U and X = U /%K = U/K. To get the presentation R ~ JT of 

S(^) we can just take the transformation groupoid for the action of G on U (where H acts 
trivially), i.e. take R := U x x G with s and t being again the projection and the action 
maps. Equivalently we may take R — > 9\ to be the trivial (3-torsor and check that it satisfies 
the biextension and trivialization conditions. In particular we get that S(^) is a quotient 
gerbe - it is identified as the quotient 

6{&) = [U/R] = [U/G] 

of the space U by the group scheme G, where G acts with a stabilizer H at each point. 

Example 2.5 As a special case of the above we obtain the Azumaya presentation of an 
O x -geihe. Let P be a P n_1 bundle on a scheme X and let *P denote the corresponding sheaf 
of sections. The bundle P is associated to a unique PGL n -bundle U — > X (the frame bundle 
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of P) whose sheaf of sections 9/ is naturally a torsor over FGL n (Ox)- The image of % 
under the coboundary map for the sequence 

1 - 0* -> GL„(0 x ) -> PGL n (0 x ) -> 1 

is an 0^--gerbe <pA on X which comes together with a n<?/?i Azumaya presentation of <pA: 

iT z=XU ^ml 

t 

where R r := U x GL n (C), s : i? r — > [/ is the projection and t : R r ^ U is the (right) 
action of GL n (C) on [/. Alternatively one may consider the sheaf of Azumaya algebras 
corresponding to ^3. The subsheaf C of invertible elements in is representable 
by an affine group scheme — > X which acts simply transitively on the left on the frame 
bundle {7 — > A. Using this group scheme we get a /e/t Azumaya presentation of <pA: 

# =£U ^1 

t 

where R l := A^ Xx U, s : R l — > U is the projection and t \ R} — ► U is the (left) action of 
A| on f7. 

The same gerbe >pA has yet another presentation, called the Brauer-Severi presentation. 
Here the atlas is P itself and the relations are the total space of the punctured line bundle 
0(1, -l) x on P x x P. 



It is often useful to describe the sheaves on a gerbe as cartesian sheaves on the simplicial space 
generated by a presentation or equivalently as descent datum for a presentation. Concretely, 
given a flat presentation 

(2.1) R= j tU " aX 

of an Jf? '-gerbe a X on A we have a simple interpretation (see e.g. jDelQOl Section 3.3] or 
[LMBOO, Propositions 12.8.2 and 13.2.4] for details and proofs) for the category of sheaves 
on a X: a sheaf of a x-modules (respectively: a line bundle, a vector bundle) on a X can be 
identified with a pair (F,j), where F is a sheaf of 0[/-modules (respectively: a line bundle, 
a vector bundle, a complex of sheaves, ect.) on U, and j : s*F^t*F is an isomorphism of 
sheaves on R satisfying the cocycle condition 1 

(2.2) (p*j) o (p\j) = m*j 

1 To write this condition one uses the natural identifications 

Pis F ► Pl t F — p 2 s F ► pit F, 

and 

p*s*F = m*s*F m'fF = p* 2 t* F, 

provided by the groupoid axioms. 
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on R Xt t u,s R an d the normalization e*(j) = idp on U. Assume now that J^ 5 = H(Ox) 
for some complex reductive abelian group H . In this situation we can recast the above 

s 

description of sheaves on a X in terms of the presentation 9^ ? U generated by 7 : U — > X 

t 

and the if-torsor 7r : R — > £H. Given a sheaf of modules (F,j) on a X we can use the map 
7r : R — * 91 to push the isomorphism j down to 91. Decomposing according to the characters 
H of H we see that 7r*(j) corresponds to a family {j x } xg ^ of isomorphisms, where 

j x : s*F <g> (7r,C fi ) x =?t*F. 

The category of sheaves of modules on a X is therefore "graded" by the character group 
H . A sheaf of weight E H is just a sheaf of modules on X. In case H = G m we have 
H = Z and the sheaves of weight n are precisely the sheaves of weight n in the sense of 
section 12.1.11 In particular, the sheaves of weight 1 are the a-twisted sheaves on X. This 
observation leads to a very concrete description of the weight one sheaves on a G m -gerbe. 
Starting with a presentation (j2.1|) of a G m -gerbe a X on X write Jzf — >• !H = C/ x x [/ for the 
line bundle associated to the G m -torsor R — > 9t via the tautological character id : G m — > 
G m . The groupoid condition on the presentation (|2.1jl gives us a biextension isomorphism 
pJ 2 J2? <8> £>2 3 Jz? = Pi3=S? on U XxU Xx U and so a sheaf on a X is the same thing as a sheaf 
F on U equipped with an Jzf-twisted descent datum on U Xx U, i.e. with an isomorphism 

p\F i+ p* 2 F ® J5f 5 

of sheaves on U Xx U, satisfying the cocycle condition 
(2-3) p* 13 j = (p* 23 j ® id p . 3 j^) o p* u j 

on U Xx U XxU. Note that in writing (|2.3jl we had to use the biextension isomorphism for 
Jzf. 

Example 2.6 Specializing the previous discussion to the case of the Azumaya gerbe <pX of 
example 12.51 we get a natural identification of the category D b n {^X) with the derived category 
of complexes of quasi-coherent sheaves on X equipped with an action of the Azumaya algebra 
spA and such that the center O x of <pA x acts on the cohomology sheaves with character n. 

2.1.3 Brauer groups 

Since the O x gerbes are naturally classified by elements in cohomological Brauer groups, it 
will be helpful to have an overview of the different variants of the Brauer group of a complex 
space before discussing properties of individual gerbes. 

Below we are going to discuss three versions of the Brauer group of a ringed space Z: 
Azumaya (Br(Z)), geometric (_Br geom (Z)), and cohomological (Br'(Z)). Each of these makes 
sense in either the etale or the analytic topology on Z. In particular, for a complex algebraic 
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space Z we have a diagram: 



Br(Z) 



Br(Z) 



gcom 



Br'(Z) 



Br an (Z) 



Br an {Z) 



gcom 



Br' an {Z). 



When Z is smooth, the following facts are known: 

(i) all the maps in this diagram are injective; 

(ii) Br'(Z) is torsion by the purity theorem from [Gro68cJ; 

(iii) im[Br'(Z) — > Br' an (Z)} coincides (see |Mil80j ) with the torsion subgroup of Br' an (Z); 

Grothendieck has conjectured that the inclusion Br(Z) ■=— > Br'(Z) is an isomorphism 
for all smooth quasi-projective schemes. This may hold also for separated normal Z. The 
validity of the conjecture was established in the algebraic setting in [Gab8lJ IHoo82| EphOl 
for arbitrary curves, for normal separated algebraic surfaces, for abelian varieties, for smooth 
toric varieties and for separated unions of two affine varieties. The analogous conjecture in 
the analytic case is virtually unexplored. The only general result to date [HS03j concerns 
analytic K3 surfaces and asserts that every torsion class in Br' an (X) of an analytic K3 surface 
X comes from an Azumaya algerba on X . 

Remark 2.7 As a corollary of fact (i) and Grothendieck's conjecture, we get that Br(Z) = 
Br(Z) geom for a smooth Z. This corollary is known to hold [EHKV01 in many cases in which 
the Grothendieck conjecture is still unknown. In fact, for a normal Noetherian scheme, the 
result of jEHKV0T| Theorem 3.6] characterizes the image of Br(Z) in Br(Z) geom as the 
algebraic- geometric gerbes for which one can find a flat presentation 



with a projective structure map 7 : U — > Z, or equivalently as the classes of G m gerbes of 
quotient type (i.e. a quotient of an algebraic space by an affine algebraic group). In general 
this characterization seems to be optimal since there are examples of quotient gerbes on non- 
separated surfaces whose isomorphism class is not represented by an Azumaya algebra, and 
examples of infinite order elements in Br'(Z) for a normal separated Z which are represented 
by algebraic-geometric gerbes but are not quotient gerbes E HKVOT} Examples 2.21 and 



If Z is a complex scheme, then the Azumaya Brauer group Br(Z), is defined [Gro68a 
as the group of Morita equivalence classes of sheaves of Azumaya algebras on Z. Recall 




3.12]. 
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|Gro6 8a that an Azumaya algebra on Z is a coherent sheaf of algebras which locally in 
the etale topology on Z is isomorphic to the endomorphisms algebra of an algebraic vector 
bundle on Z . Two Azumaya algebras A and B are called Morita equivalent if etale locally 
on Z we can find vector bundles E and F so that the sheaves of algebras A ® Snd{E) 
and B ® $nd(F) are isomorphic. Morita equivalence classes of Azumaya algebras form a 
commutative group under the operation of tensoring over Oz\ the inverse is given by the 
opposite algebra. 

The Skolem-Noether theorem Mil80|. Proposition 2.3] implies that the Azumaya algebras 



of rank n 2 are classified by elements in Hl t (Z,¥GL(n)). The short exact sequence of groups 
schemes over Z: 

1 -> G m -> GL{n) -> ¥GL(n) -> 1, 
gives rise to a coboundary map 

(2.4) f£(Z,PGL(n)) - H 2 t (Z,G m ). 

The image of a G Hl t (Z,FGL(n)) under this coboundary map is an n-torsion class in 
H 2 t (Z,G m ) which is the obstruction to representing a by the endomorphism algebra of a 
rank n vector bundle. In particular the map ()2.4|) induces a homomorphism 

(2.5) Br{Z) -> H 2 et (Z, G m ) tor C H 2 t (Z, G m ). 

When Z is smooth, the homomorphism (|2.5|) is known to be injective 



Mil80 j Theorem IV.2.5]. This suggests that the Brauer classes are intimately related to 



elements in H 2 t (Z,G m ) and so one defines the algebraic cohomological Brauer group: 

Br'(Z) :=H 2 et (Z,G m ). 

Recall that by fact (ii) the group H 2 t (Z, G m ) is purely torsion. As explained in section 12.1. 21 
Azumaya algebras give rise to groupoid presentations of G m -gerbes on Z. In other words, 
for a smooth Z the inclusion (|2.5|) can be refined to a sequence of inclusions: 

Br{Z) — Br(Z) gcom ^Br'(Z) = H 2 t (Z,G m ) = H 2 t (Z, G m ) tor , 

where Br(Z) geoin denotes the group of equivalence classes of algebraic-geometric G m -gerbes 
on Z. Recall that a G m -gerbe is algebraic geometric if it is an algebraic stack in the sense of 
Artin, i.e. if it admits a flat (equivalently, a smooth) groupoid presentation |Art74j . 

By analogy we define the analytic Azumaya Brauer group Br an (Z), and the analytic geo- 
metric Brauer group Br an (Z) geom of an analytic space Z, as the groups of Morita equivalent 
classes of analytic Azumaya algebras on Z and of isomorphism classes of analytic geometric 
0% -gerbes respectively. The isomorphism type of an 0| -gerbe is determined by a class 
in the analytic cohomological Brauer group: 

Br' an (Z) :=H 2 an (Z,0* z ). 
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In other words, the classifying map 

Br an (Z) 

gcom ^ Br' an (Z) 

is inject ive. 

The analytic cohomological Brauer group can be studied via the exponential sequence: 

The corresponding cohomology sequence gives 

0— H 2 an (Z, O z )/H\Z, Z)— * Br' an (Z)^ ker [H\Z, Z) -> tf a 3 n (Z, Z )]— M). 
This of course is analogous to the usual description of the Picard group: 

— Hl(Z,O z )/H\Z,Z) — Pic(Z) — ker [H\Z,Z) -> tf a 2 n (Z, Z )] — 0. 

when Z is compact 
I and Kaliler 

In addition, if Z is compact and Kahler, the Hodge theorem implies that 

im[H\Z, Z) -> If^Z, O z )] C tfKZ, Z ), 

is a discrete subgroup of maximal rank. Hence, we can identify the connected component 
of Pic(Z) with the quotient of its tangent space H\ n (Z,Oz) by H X {Z, Z). In the case of 
Br' an (Z), there is still a 'tangent space': H 2 n (Z,Oz), but it is divided by the typically 
non-discrete subgroup 

im[H 2 (Z, Z) -> O z )] C tf a 2 n (Z, Z ), 

and so there is no good (=separated) topology on Br' an {Z). 

In the special case when Z is a fT3 surface, we get that Br an (Z) geometT i C = Br' an (Z) 
is the quotient of the one dimensional vector space H 2 n (Z,Oz) by the lattice dual to the 
transcendental lattice of Z, i.e. by H 2 (Z, Z) / H^ 1 (Z) . Notice that for a very general analytic 
K3 this lattice has rank 22 and for a very general algebraic K3 it has rank 21. 

More precisely, one defines the transcendental lattice T z of a K3 surface Z by the short 
exact sequence: 

-> T z -> # 2 (Z, Z) -> H^-{Zy -> 0. 

In other words, T z is the sublattice of H 2 (Z,Z) consisting of classes perpendicular to all 
classes of curves in Z. The dual sequence reads: 

0^Hi\Z)^H 2 (Z,Z)^TV^0, 
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and we have a natural map 

Hom z (T^,R) = H 2 (Z,R)/(Hi\Z)®R) -» H 2 (Z,R)/H^{Z) S H 2 an (Z, O z ). 
This leads to the following commutative diagram with exact rows and columns: 



Hom z (T z , Z) = T\ 

•• 

H^\Z)/{H 1 /{Z) <g> R) Hom z (T z , R) Ff n (Z, O z ) 

H 1 /(Z)/(H 1 /(Z) ® R) Hom z (T z , R/Z) St^(Z) 



The bottom row explicates Br an (Z) = Br' an (Z) as the quotient of the real torus 
Hom%(Tz, R/Z) by the vector space H^\Z)/{H^\Z) ® R), embedded in it as a (usu- 
ally dense) subgroup. Note that this vector space does not contain any torsion points of the 
torus. Equivalently the restricted map 

Rom z {T z ,Q/Z)^Br an {Z) toI 

is an isomorphism. When Z happens to be an algebraic K3 surface we have a natural iden- 
tification Br(Z) = -Br an (Z) torsion and so we recover the standard interpretation of elements 
of the algebraic Brauer group of Z as a homomorphism from the transcendental lattice of Z 
to Q/Z (see e.g. jCalOOl Lemma 5.4.1] or jCalOlp . 

2.2 Tate-Shafarevich groups and genus one fibrations 

In this section we review some basic facts about twisted forms of a given elliptic fibration 
over an analytic space B. For more details the reader is referred to the excellent references 
|DG94j and jNakOlj . First we recall some terminology and set up the notation. 

For us a genus one fibration will always mean a holomorphic map tc : X — > B between 
normal analytic varieties whose generic fiber is a smooth curve of genus one. We define an 
elliptic fibration to be a genus one fibration equipped with a holomorphic section a : B — > X 
of 7T. Note that this is slightly more restrictive than the conventional notion of an elliptic 
fibration used in say [DG94 , [NakOl , where only the existence of a meromorphic section 
of 7r is required. A genus one fibration will be called (relatively) minimal if X has at most 
terminal singularities and if the canonical class Kx is 7r-nef. 
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Let now X and B be normal analytic varieties and let 

X^^B 

C 

be an elliptic fibration on X. Let D C B denote the discriminant divisor of n and let 
B° := B — D, B°° := B — Sing(D). The corresponding inclusions are denoted by % : D <^-> B, 
f : B° ^ B and f° : B°° ^ B. We also put X° := X x B B°, X°° := X x B B°° and 
Tt° '■= K\xo, n°° := n\ X oo. 

Sometimes we may need to require the additional genericity assumption that X is smooth 
and that n : X — > B is Weierstrass. 

Remark 2.8 (i) When X is a surface, the genericity assumption implies in particular that 
all the singular fibers of -n are of Kodaira types I\ or II, i.e. they are nodes and cusps. 

(ii) In this paper we will always deal with a situation in which X is smooth and either n 
is smooth or X is a surface and tc has at worst ii fibers. We have included in the present 
discussion the more general case of an arbitrary Weierstrass n with a smooth total space, 
because of the potential applications of our duality construction to genus one fibered Calabi- 
Yau manifolds of arbitrary dimension. This however goes beyond the scope of the present 
work and will be the subject of a future paper. 

Let X^ C X denote the regular locus of rr, viewed as an abelian group scheme over B. 
Denote by S£ an the corresponding sheaf of abelian groups in the analytic topology on B. 
When B and X happen to underly complex algebraic varieties we will write for the etale 
sheaf of sections of X^ — > B. 

The analytic Weil-Chdtelet group WC an (X) of X is the group of bimeromorphism classes of 
analytic genus one fibrations Y — > B such that: 

• Y x B B° — > B° is bimeromorphic to a smooth genus one fibration; 

• The relative Jacobian fibration Pic°(Y/B) is bimeromorphic to X" (and hence to X). 
Note that this definition makes sense since for a suitably chosen dense open subset 
U C B the (sheafification of the) presheaf ^ic°(Y/U) of relative Picard groups along 
the fibers of Y x B U — > U is representable by an analytic space. 

The analytic Tate-Shafarevich group ILT an (X) of X is the subgroup of WC an (X) consisting 
of elements a G WC an (X) such that for any representative Y — > B of a and any point b G B 
one can find an analytic neighborhood b G U C B so that Y x B U — > U has a meromorphic 
section. This implies that Y — > B has no multiple fibers in codimension one. 
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The group ffl an (X) can be described cohomologically |Nak01j as follows. Assume that 
X°° is a smooth space. Then by |Nak01| Proposition 5.5.1], the natural classifying map 



(2.6) IIWX) - Hl n {B,jl°r*&an). 

is injective. Furthermore if B°° = B, or if 7r is Weierstrass with a smooth total space, then 
the map ()2.6j) is an isomorphism [ NakO lj Proposition 5.5.1]. In addition one knows (see e.g. 
NakOL Theorem 5.4.9]) that under the same assumptions, the sheaf j°°j 00 *^ a n fits in a 
short exact sequence 

► 3y an > jl j 2san y (R TT^X /?■*?■' R 7T* @x ) torsion > 0. 

Since by definition the sheaf (-R^Z^/M'-R^^xOtorsion is supported on the multiple fiber 
sublocus of D, it follows that in the absence of multiple fibers, i.e. under our definition of 
an elliptic fibration we have an isomorphism: 

(2.7) UI an (X)^H l an (B,^ an ). 

In the remainder of this paper we will always assume tacitly that the isomorphism (J2.7j) 
holds, in fact we will assume that either 7r is smooth or that X is a surface. 

Because of this cohomological interpretation we can view the elements in UI an (X) simply 
as J^m-torsors. This definition of HI an (X) is consistent with the usual definition of the 
algebraic Tate-Shafarevich group |Gro68at lGro68b| lGro68c| and |DG94| . When X is a surface 
we can also interpret (by compactifying a genus one fibration and then choosing a Weierstrass 
smooth model over B) the elements in ffl an (X) as smooth analytic surfaces equipped with 
a genus one fibration over B. 

The algebraic Weil-Chdtelet and Tate-Shafarevich groups WC(X) and ffl(X) are defined in 
a similar manner |Gro68al IGro68bl IGro68c| and [DG94 with the etale topology replacing 
the analytic one. Furthermore, the analysis carried out in |DG94t Section 1] implies, that 
under the assumption that X and B are both smooth and that tc has a regular section, the 
algebraic Tate-Shafarevich group can be interpreted cohomologically as 

m{X) = Hl t (B,&), 

i.e. the elements in III(X) can be viewed as algebraic spaces Y — > B which are i£~-torsors. 

Given an element a G ffl an (X) (or a G HI(X)) we denote by X\ the analytic (or algebraic) 
space representing the torsor a and by 7r| : X^ — > B the corresponding projection. Following 
DG93] we say that a morphism of analytic (algebraic) spaces Y — ► B is a good model for a 
if Y — > B is bimeromorphic to X| — > B, Y is smooth and the map Y — > B is proper and 
flat. 
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Remark 2.9 Note that when n is smooth is itself a good model for a and when X is an 
arbitrary smooth surface we always have a preferred good model for a, namely the relatively 
minimal model of a compactification of X^. When X is of dimension three the good models 
of elements in IH(Jf) have been analyzed in detail, see e.g. |Mir83t fGra91| IDU9 4J. In this 
case the good model exists (possibly after blowing up B at finitely many points) but is not 
unique. However all good models of a given a are related by flops and in particular have 
equivalent derived categories of coherent sheaves (see e.g. [B095, Bri02, Kaw02j). 

In the cases when n : X — > B is smooth or X is a surface we put 

n a : X a — > B 

for the canonical good model of a. In particular, if n : X — > B = P 1 is an elliptic K3 
surface we have that X a is a well defined analytic (respectively algebraic) K3 surface for any 
element a G HI an (X) (respectively a G HI(X)). 

The meromorphic action of the analytic group space X^ — > B on X a induces a natural 
meromorphic action map 

d a \ X x b X a — ■> X. 

Furthermore, given a positive integer n we can consider the sheaf of groups M" an [n] — > B 
consisting of the n-torsion points in 3£ an . The sheaf J^ n [n] is represented by a group space 
X"[n] which is quasi- finite over B. We will write X[n] for the closure of X"[n] in X and by 
an abuse of notation we will denote the meromorphic map 

X[n] x B X a — > X a 

again by a a . 

bince X*[n] is finite over a dense open set in B we can form the quotient X a /X^[n] 
which as an analytic space is well defined up to a bimeromorphism which respects the genus 
one fibration. Moreover X a /X^[n] is naturally a i2^ n -torsor at the general point and so 
represents an element in HI an (X). It is not hard to calculate this element in terms of a and 
n only. In fact it is clear that X a /X^[n] is tautologically the same as the quotient 

X^ n /K, 

which by definition represents the element na G UI an (X). 
Here 

K = ker[(X s ) XBn 

is the kernel of the natural product map corresponding the group law on X\ and the action 

u xn xn 

of K is induced from the component-wise action of (X*) B on (X a ) B . 

In particular we have a bimeromorphism X a j X^[n]--^X na which is unique up to an 
auto-bimeromorphism of X na , compatible with the genus one fibration. However, as one 
can see from the proof of NakOl , Lemma 5.3.3], if we assume that ir is relatively minimal 



with a smooth total space, then all such auto-bimeromorphisms are holomorphic and are 
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translations by sections in 3£ an . So, under this the genericity assumption, we will have a 
bimeromorphic identification X na = X a /X$[n] and hence a well defined meromorphic map 

la '■ X a X na . 

If in addition we assume that the fibration tc : X —>■ B has a trivial Mordel-Weil group, then 
the meromorphic map g™ is canonical and does not depend on any choices. 

The index of an element a G UI an (X) is defined to be the minimal degree of a global 
multisection of 7r Q . We will denote the index by ind(a). 

Assume now that B and X are quasi-projective. Since the element G HI an (X) is 
represented by the algebraic elliptic fibration it : X —* B, it follows that for each a of finite 
index the space X a admits a dominant meromorphic map 

C d(a) : X a — » X 

to the algebraic variety X. In fact Nakayama [NakOl, Proposition 5.5.4] proves that such a 
X a is bimeromorphic to an algebraic variety and so must be an algebraic space. Furthermore 
in the case of surfaces Kodaira shows |Kod63j that X a is quasi-projective if and only if a is 
torsion in HI an (X). 

2.3 Complementary fibrations 

Let X be smooth and let 

X^+B 

be a relatively minimal elliptic fibration. Consider an element a G HI an (X) and a good 
representative ir a : X a — > B for a. Our goal in this section is to describe the cohomological 
Brauer group Br' an (X a ) in terms of the Tate-Shafarevich group UI an (X). For this we need 
to analyze the relationship between the sheaf S£ an and the relative Picard sheaf of 7r Q . 

If all the fibers of 7r are integral, then &ic(X a /B) is representable and we have a short 
exact sequence of abelian sheaves in the analytic topology: 

(2.8) -> -> &>ic{X a /B) ^ Z -> 0, 

where deg a is the map assigning to each L G Pic(7r~ 1 (?7))/7r* Pic(£7) its degree along a 
smooth fiber. 

Remark 2.10 If we want to allow non-integral fibers for it, then &ic(X a /B) becomes non- 
representable, but it has a maximal representable quotient J2 a as shown in e.g. |Ray70 and 
DG94j in the algebraic case and |Nak01j in the analytic case. The sheaf of groups J2 a is 
defined as: 

£ a := mc(X a /B)/g a , 
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where S a C &ic(X a / B) is a subsheaf generated by local components of the preimage 7r~ 1 (L') 
of the discriminant D C B (see |DG94| Proposition 1.13] for the precise statement). Note 
that when all fibers of tt are integral we have S'a = 0. 

In this generality, the short exact sequence ()2.8|) is replaced by a commutative diagram 
with exact rows and columns: 



Z Z 

deg a 

*~ X an *~ <*2a ^ B?"Tl ' a ^Zj ' <§ a *~ 

X ker(degj (R 2 n a *Z/£ a ) tmsion 



Note also that (-R 2 7r aH ,Z/^ Q ) tors i on is supported on D and that its fibers at smooth points of 
a component of D parameterizing Kodaira fibers of type I n are isomorphic to Z/n. 



Fix now an element a G HI ara (X). Under some mild assumptions on a we will construct a 
natural map T a : ffl an (X) — > Br' an (X a ), which will allow us to compare the Tate-Shafarevich 
and Brauer groups. The existence of T a is established in the following lemma. 

Lemma 2.11 Assume that X is smooth, n has integral fibers and Br' an (B) = 0. Assume 
further that 

(2-9) ker (^H 3 an (B, 0*) ^ H 3 an (X a , 0*j) = 

Then there is a canonical homomorphismT a which fits in an exact sequence of abelian groups: 

-> Z/ind(«) -> UI an (X) ^ Br' an (X a ) -> H\B,Z). 
Proof. The long exact sequence of f)2.8j) gives 

H\B, Z)/H° an (B, mc(X a /B))^ Hl n (B, X) — H l an (B, &ic{X a /B)) — H\B, Z) 
Z/ind(«) m an (x) 
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So it suffices to find an identification 

(2.10) HUB, &ic{X a /B)) = Br' an {X a ). 

Consider now the Leray spectral sequence for 7r Q : X a — > B and the sheaf 0\ , which has 
only two non-zero rows, so it also becomes a long exact sequence: 



Br' an (B)^Br' an (X a )^HUB, &ic(X a /B))^ ker 0*) ^ tf a 3 n (X a , 



The assumption ker (^H^ n (B, O^) H^ n (X a , 0^ a ) j = thus immediately implies the 
identification (|2.1()jl and so the lemma is proven. □ 



The lemma has the following immediate corollary: 

Corollary 2.12 Assume that X is a smooth projective surface and it has integral fibers. 
Then the map 

T a : m m (X) - Br' an {X a ) 

exists for all a G HI an (X). 

Proof. The existence of T a is an immediate consequence of Lemma [2.111 since in this case 
B is a smooth curve and so H% n (B, Og) = H^ n (B, Og) = for dimension reasons. □ 



If the vanishing assumption (J2.9|) does not hold, we can still construct a variant of the map 
T a which is defined only on a part of the group UI an (X): 

Lemma 2.13 Assume that X is smooth, it has integral fibers and Br' an (B) = 0. Then: 

(i) if a is m-torsion in TH an (X), then there is a group homomorphism (compatible with 
T a when the latter exists) 

mUl an (X) - Br' an (X a ), 

from the subgroup mIII an (X) C ffl an (X) of m- divisible elements in ffl an (X) to the 
cohomological Brauer group of X a ; 

(ii) if a is m-divisible in TH an {X), then there is a group homomorphism (compatible with 
T a when the latter exists) 

IH an (X)[m] - Br' an (X a ) 

from the subgroup UI an (X)[m] C ffl an (X) of m-torsion elements in III an (X) to the 
cohomological Brauer group of X a ; 
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Proof. For any given a G IH an (X) we have a composition map 

nuPO h^b, oi) 




HUB, &ic(X a /B)) 
The assignment a t— > d a gives rise to a group homomorphism 
(2.11) d : UI an (X) - Hom z (ni m (l),Fi(5,^)). 

In particular, if a is m-torsion, then d a (m ■ £) = d m . a (£) = d (£) = G H^ n (B,0^) and 
so the image of mUI an (X) in H\ n (B, £Pic(X a /B)) must be contained in _Br^ n (X a ). This 
proves (i). 

Similarly, if a = m ■ (p is m-divisible, then for any £ we have d a (£) = d m .cp(^) = 
d 9 {m ■ £) and so d a vanishes identically on HI an (X)[m]. Thus the image of HI an (X)[m] 
in Hl n (B, £Pic(X a /B)) must be contained in Br' an (X a ) which completes the proof of (%%) 
and the lemma. □ 

We will denote the maps in items (%) and (ii) of Lemma 12.131 again by T a . Since by con- 
struction these maps are compatible with the map T a from Lemma \2. Ill whenever the latter 
exists, this abuse of notation can not lead to any confusion. 

Let us examine in more detail the map d : H l an (B, SC) -> Hom z (^ n ( J B, $T), #^(5, £>*)) 
given in (j2.11j) . This map can be rewritten as a bilinear pairing 

(., .) : Hl(B, X) ® z H l an (B, Jf) - Hl(B, 0*). 

The proof of Lemma [2.131 shows that for every a G ffl an (X) we have a well defined homo- 
morphism 

T a : ot^ > Br' an (X a ), 
where a 1 - C III an (X) is the orthogonal complement of a with respect to (•, •). 

Definition 2.14 Two genus one fibrations a, [3 G UI an (X) will be called complementary if 
(a,j3) = 0. We will call a and [3 m-compatible if one of them is m-divisible and the other 
one is m-torsion. 

Note that using the pairing (•, •), Lemma \2 . 1 31 follows from the obvious observation that 
every m-compatible pair a, (3 is complementary. 

For future reference we spell out the special case when a = 0: 
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Corollary 2.15 Assume that X is smooth, the fibers of tt are integral, and Br' an (B) = 
0. Then we have an isomorphism H\ n (B, &ic(X/B)) = Br' an (X) and we have an exact 
sequence of abelian groups 

- HI an pT) ^ Br' an (X) - H\B,Z). 
Proof. Since a : B — ► X is a section of tt it follows that the composition 

HL(B, Q* B ) ^ HUX, O x ) ^ K n (B, 01) 

is the identity. Thus ker 0%) ^ H l an (X, O x )\ = and so H^B, &>ic{X/B)) ^ 

Br' an (X). Combined with the fact that ind(0) = 1 this gives the short exact sequence of 
groups above. The corollary is proven. □ 

Our pairing (•, •) can be explicitly described as follows. Every element a G ffl an (X) = 
H^ n (B, St?) has two different incarnations: 

• a can be interpreted as a group extension of Z# by 3£ . Concretely this is just the 
sheaf of groups &ic(X a / B) as it fits in the extension (|2.8J1 viewed as an element e(a) 
inExti B (Z B , 3C\ 

• a can be interpreted as an extension of SC by Concretely this is the amplitude 
one object a 5£ in the derived category of abelian sheaves on B which is the pullback 
of the extension class of 

1 -> -> R^O Xa [l] -> R^ w O Xa -> 1 

via the natural inclusion — > &ic(X a / B) = R x TT aif O\ a . Alternatively, a 5£ can be 
thought of as a sheaf of commutative group stacks on B which is just the sheaf of all 
maps from B to the (9 x -gerbe on X whose characteristic class is T (a). Note that this 
gerbe is well defined in view of Corollarv l2.151 We will write g(a) G Ext^ s (JIT, Og [1]) = 
Ext ! Og) for the extension class of a JT. For more on the relevance of commuta- 
tive group stacks see Section |A~T1 

With this notation it is now clear that {a, ft) is just the Yoneda product g((3) o e(a). 
Lemma 2.16 The bilinear pairing 

(., .) : HUB, X) (g) HUB, X) - HUB, C£) 

% 

is skew- symmetric. 

Proof. The Poincare sheaf & — > X x # X satisfies the biextension property and so can 
be interpreted functorially (see [SGA7-11 Expose VII, Corollary 3.6.5]) as an object £(P) G 
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ob D h (7jB -mod) in the derived category of abelian sheaves on B, which is an extension of 

L 

2£ <8> 5£ by O b . In other words, £(P) fits in a distinguished triangle 

o x B -> £(P) -> I -> o*[i\ 

of complexes of abelian sheaves. Let p G Ext^iW ® S", 0£) = Hom(l" ® , 0£[1]) be 
the corresponding extension class. From the definition of the homomorphisms 

e(a) G Hom Db(Zs _ mod) (Z B , and 
g(a) G Hom Db(Zs _ mod) (JT,C^[2]) 

one can easily check that g(a) can be identified with the composition 

Indeed, observe that both g(a) and po(e(a)cg>id,2r) can naturally be interpreted as amplitude 
one objects in the derived category of abelian sheaves on B. Since any amplitude one object 
in D b (Zs-mod) can be viewed as a stack over B it suffices to show the equivalence of the 
categories fibered in groupoids corresponding to g(a) and p o (e(a) ® id^r) respectively. Let 
as before a 3£ — > B denote the fibered category corresponding to g(a). Since by construction 
a 3£ comes from the push-forward RK m O x we can identify explicitly the groupoid of sections 
of a over an open set U in B as the groupoid of all line bundles L on (X a x bX)\u having the 
property that for any point b G U and any x G Xi we have that L\(x a ) b x{x} — Ox b (x — &(p)). 
Finally, using the description of the complex £(^) in terms of fibered categories given in 
SG A7-1| Expose VII] we see immediately that this groupoid is precisely the groupoid of 
sections over U of the fibered category corresponding to p o (e(a) o id^r). 

Now taking into account that g(a) = p o (e(a) £g> id$r), we see that for any two elements 
a, (3 G Ha n (B, 3£) the product (a, (3) G H^ n (B, B ) can be rewritten as the Yoneda product 

(a,P) =po(aMP), 

where a IUI (3 G H^ n (B, ® 3£) is the external cup product of a and (3. 

To understand the symmetry properties of (•, •) it only remains to notice that 

(/?, a) = p o (f3 iyj a) = p o sw(a iyj 

L L 

where siu :i£~(S>i£~^ > i£~<S>^is the involution switching the two factors. However recall 
that & is a normalized Poincare bundle and so can be explicitly described as the rank one 
divisorial sheaf 

& = Oxx s x(A -a x B X -X x B a - w*N a/x ) 

where w : Xx B X — > B is the natural projection and N a /x is the normal bundle to the section 
a C X. In particular sw*(£P) = & and so^->Xx B Xisa symmetric biextension. This 
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shows that £) o sw = p. Combined with the fact that sw 

we conclude that (/3, a) = — (a, (3). The lemma is proven. □ 



An immediate corollary of the skew-symmetry of (•, •) is that T a {(3) e Br' an (X a ) is well 
defined iff Tp{pi) e Br' an (Xp) is well defined. 
In the case of surfaces we get the following: 

Corollary 2.17 Suppose that X is a smooth surface and that n is non-isotrivial with all 
fibers integral. Then IH(X) is infinitely divisible and so any a G HI an (X) is m- compatible 
with all elements in JH an {X)[m\. 

Proof. To show that ffl(X) is infinitely divisible note that since B is a curve we can apply 
Corollary 12. 151 to conclude that the map T fits in a short exact sequence 

-> UI an (X) -> Br' an (X) -> H\B,Z) 

where the last map is the composition of the identification Br' an (X) = H^ n (B, &ic(X/ B)) 
coming from the Leray spectral sequence and the map H^ n (B , £Pic{X j B)) — ► H 1 (B,Z) 
corresponding to the degree morphism deg : &ic(X / B) — > Z#. 

Since by assumption tt has only integral fibers, we have natural identifications 

&ic(X/B) = R^OZ, and Z B = R\*Z X 

under which the degree map deg : &ic(X/B) — ► Zb becomes the coboundary homomor- 
phism 6 : R l n*O x R 2 tt*Zx in the long exact sequence of higher direct images associated 
to the exponential sequence 

and the map tc : X — ► B. 

In particular, this implies that the map Br' an (X) — > H X {B,%) fits in the commutative 
diagram: 

Br' an (X) ^H\B,Z) 

H^B, R^O*) — H\B, R 2 ir*Z x ) 

e v 

Hl(X,0* x ) 5 -^H\X,Z). 

Here the maps 9 and 77 between the third and second rows come from the Leray spectral 
sequences for the map tx : X — > B and the sheaves O x and Zx, which give: 

hub, od^hUx, o*)^UhI(b, tf,r,0*)— 
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and 

H 2 (B, R l <K*Z x ) ^H 3 (X, Z)-^*H 1 (B, R 2 n*Z x ) ^0. 

Now H 2 n (B,Og) = since B is one dimensional, and H 2 (B, R 1 7r Jf Zx) = by the ir- 
reducibility of monodromy. This implies that ffl an (X) = ker[Br' an (X) — > if 1 (5,Z)] = 
im[H 2 n (X, Ox) -> H 2 n (X, O x )\ and so UI(X) is divisible. The corollary is proven. □ 

Definition 2.18 For any complementary pair a,/3 E UI an (X) we denote the O x -gerbe on 
Xp classified by Tp(a) by a Xp. 

Conjecture 2.19 For any complementary pair a,/3 6 UI an (X), there exists an equivalence 

of the bounded derived categories of sheaves of pure weights ±1 on a Xp and pX a respectively. 

In section 13.41 we will prove this conjecture in any dimension under the additional as- 
sumptions that 7r is smooth and that a and (3 are m-compatible. In section 0] we will prove 
it unconditionally when X is a surface. 

3 Smooth genus one fibrations 

In this section we will consider smooth genus one fibrations over smooth bases of arbitrary 
dimension and (9 x -gerbes over them. 

3.1 O x -gerbes 

In this section we work with a fixed smooth elliptic fibration 

X^B, 

a 

and two genus one fibrations X a) Xp corresponding to two m-compatible elements a,/5 G 
UI an (X). Recall that m-compatibility means that one of the elements, say j3, is actually 
algebraic, i.e. (3 is a torsion element of some order m in HI an (X), while a is an m-divisible 
element. Choose an element if G ffl an (X) such that rmp = a. We will use this data to 
construct presentations for gerbes p$ a over X a and a ££p over Xp. Different choices of the 
root tp give rise to different but Morita equivalent presentations of the same gerbes. 
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3.1.1 The lifting presentation 

Recall from Section |2] that a gerbe presentation over a variety X is a diagram 

R 




U x x U 

where R — > U [/ is a C x -bundle satisfying the biextension condition. 
We define a gerbe a J£p on Xp via the lifting presentation: 

(3.1) a LR/3 



where 



aLUp 
aLR/3 



a LUp x XfJ a LU l 



— X v x B Xp, 

aLUp = Xtp X B Xp 




Xp is the second projection, and 



tot(^£ 



-2,m-3) ~> {aLUp) X X0 ( a LU ' p) 



Here ^Wm-s 



x LUp) x X(j ( a LUp) is the pullback via the map 



Pl-2, m-3 



Xtp X b X v X b Xp ■ 

(a, b, x) i 



Xx R X 



(a — b,m ■ x), 



of the Poincare bundle 



:= XxgX (A -ax B X -X x B a- w* Cl (B)) 



on X Xb X. As usual we denote the natural projection X Xb X — > B by w. The required 
biextension property for ^i_2, m .3 follows immediately from the see-saw principle . 
For future reference we note that under the obvious identification 



(aLUp) x X(3 ( a LUp) 
the lifting presentation ()3.1|) can be rewritten as 

(3.2) tot( 



X v x B X 9 X b Xp 




X v x b X^ x b Xp : 



P13 



l>2:>, 



' Xtp X B Xp ■ 



l->2 



X R . 
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3.1.2 The extension presentation 

Similarly, we define a gerbe pS a on X a via the extension presentation: 



pEU a — *-X a 

where 

pEU a := Xp, 

q v : X v — > X a is the multiplication by m map, and 
pER a : = tot($*) -> X^ x Xq X^. 

Here §p could be taken as the line bundle d*(M) on X v x Xa X^, where 

d : X v x Xa X^ -> X[m] 

is the difference map and M is any line bundle on X[m] whose punctured total space gives 
a group extension: 

i -tot(M x ) *X[m] -0. 

We will explain below how to construct a relative line bundle S^ e r(5, &ic m (Xp/ B)) and 
a global line bundle — ► X[m], determined by the condition that its punctured total space 
is the theta group Gp\ 

1 -C^ *-Gp *X[m] -0 

of Hp. The simplest choice would be to take M := Mp. However, we will see later that in 
order to achieve duality with the lifting gerbe, the correct choice is to take M := Mg(g)M -1 , 
where M is determined by the condition that its punctured total space is the theta group 

1 -0* -G >X[m] -0 

corresponding to the similarly defined relative line bundle So G T(B, &ic m (X/ B)). 

To define Hp, consider first two genus one curves E' and E" with the same Jacobian 
E. Let q : E' — > E" be a map which induces the multiplication by m map E — > E. For 
any two points a,b E E' such that q(a) = q(b), we have that Oe'{tti ■ a) = Oe'{tti ■ b). 
This determines a map E" — > Pic m (E'). Applying this to our map qp : Xp — > X we get a 
well defined morphism X — > Pic m (Xp/B). The image of <r C X is our relative line bundle 
Hp. Similarly we get So from the multiplication by m map q™ : X — > X. Note that by 
construction the relative line bundle S G Pic m (X/_B) is induced by a global line bundle 
O x (ma). Similarly, if Br' an {B) = 0, then the relative line bundle Hp e Pic m (X/£) is 
induced by some global line bundle Ox p (crp), where o - ^ C X^ is an m-section of irp. 



(3 
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Given any relative line bundle E G T(B, Pic m (F/B)), where vr y : F -»• 5 is in IH(X), 
we get a global line bundle M on X[m] equipped with an isomorphism 

H*M = pr* M <g> pr; M 

satisfying the usual biextension property. Here /x : X[m] x ^X[m] — ► A[m] is multiplication, 
and pr 1; pr 2 are the projections. 

Locally on B, choose an actual line bundle £' G Pic(F) lifting E. We define M' : = 
Pi*(a*S' (g) pgE Here a : X[m] x # F — > F is the action and p%, p 2 are the projections. 
Note that a*E' ® p^E _1 is trivial on each fiber of pi, so M' is a line bundle. Let M" be 
the line bundle determined by another lift S" of E. Any such E" is necessarily of the form 
E' <S> TTyL for some line bundle L on B. The equality ny ° a = ° P2 therefore induces a 
canonical isomorphism 

a*E' (8) ^E'" 1 -> a*E" ® p^" -1 , 

so the locally defined line bundles M', M" glue to a global line bundle M on X[m]. 

The biextension property of M is equivalent to saying that its punctured total space 
G := tot(M x ) has the structure of a group scheme over B called the theta group of E. It is 
a central extension of X[m] by G m . Explicitly a local section of G is a pair (x, A), where x 
is a local section of X[m] — > B and A : t*E — > E is an isomorphism. 

Applying these constructions to our relative line bundles E^ and E produces the desired 
line bundles Mp and M and theta groups Gp and Go- 

For future reference we note that under the obvious isomorphism 

d x p 2 : X v x Xa X^X[m] x B X^ 
the extension presentation (J3.3|) can be rewritten in the equivalent form: 

(3.4) tot($, x ) 




where a v : X[m] x B X v — > X v denotes the action and p 2 denotes the second projection. 
3.1.3 Coboundary realizations 

Although we constructed a J£p and pS a directly, it is worth noting that the lifting and ex- 
tension presentations are both special cases of the coboundary construction described in 
Sections 12.1.11 and 12.1.21 Recall that the input for the coboundary construction for a gerbe 
presentation on a variety F consists of a short exact sequence of group schemes over F 

1 -> G m -> G -> K -> 1 
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in the above sequence comes from the biextension property of the Poincare bundle (for the 
group law on ir%(X)). 

The extension presentation is obtained from the short exact sequence 



3.2 The class of the lifting gerbe 

In this section we continue to assume that it : X — > B is smooth, (3 G UI an (X) is of finite 
order m and a G ffl an (X) is m-divisible. 

Theorem 3.1 The class [a-S^p] of the lifting gerbe equals Tp(p). In other words a J£p is a 
model for a Xp. 

Proof. The proof is in two steps. In step (1) we show that a cocycle representing the class 
Tp(a) which defines a Xp becomes a coboundary 5(c) when pulled back to L := a LUp. In 
step (2) we check that the line bundle defined by c on L x Vg L coincides with the Poincare 
bundle a LRp. 

We need to show the isomorphism of two gerbes on the smooth space Xp. 
We will be working with the Cartesian product 



Recall from section |2~T1 that the class of a Xp is Tp(a) G H 2 (Xp, O x ). By the Leray spectral 
sequence for irp : Xp — > B, this group equals i? 1 (-B, &ic(Xp/B)). Explicitly, Tp(a) is the 
class of the &>ic(Xp/ B)-torsor induced from the &>ic°(Xp/B) = X-torsor Xp. 
Similarly, the Leray spectral sequence for X B : L — > B gives an injection 



1 _, Gm _ tot(^) - 7r* a (X[m}) - 1 

and the 7r*(X[m]) = X[m] x B X a -torsor X^. 

In other words, we can write a Jfp and p<§ a as quotient gerbes: 



a 



t J?p= [X v x B Xp/tot(pl m . 2 ^)] 
pg a = [X„/tat($2)]. 




A, 



(3.5) 



H\B, &>ic{L/B)) ^ H\L, O x ). 
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The A^-pullback of Tp(a) is in the image of (|3.5|) and is the ^ic(L/_B)-torsor induced from 
Xp via A; : ^ic°(Xp/B) -> &>ic{L/B). 

For step (1), consider the short exact sequence of sheaves of groups on B: 

-»■ &>ic(Xp/B) \ &>ic(L/B) ™ J^om B (X p ,Pic(X v /B)) -> 0. 

Here ev sends a line bundle on L to the family of its restrictions on pt x bX^, and it is 
surjective because 7r^ : Xp — > £> is smooth. 

We are claiming that A^(T (3 (a)) = 0, so we need to show that Tg(a) is in the image of 
the coboundary 

d : H°(B, jeom B (Xp, Pic(X v /B))) -> H X {B, mc{Xp/B)). 

In H°(B, JfforriB(Xp, Pic(X^/S))) we have a natural element 

g : -> X m/3 = X = Pic°(X v /B) C Picp^/fl), 

depending on the choice of a trivialization of X mj g. 
We will see that d(q) = Tp(a). 

Let ii = {Ui}i e i be an analytic open cover of B for which we have trivializations Si : 
Ui —>■ X v of the X-torsor X v . In order to calculate d(q) we first lift q to an element 
c G C°(it, &ic(L/B)). This lift is given in terms of the map 

t- Si xq: L\xj. = X^ X Vi Xp -> X X Ut X 

by Q := (t_ Si x q)*&, where <^ is the standard Poincare bundle on X x B X. 

The Cech differential 5(c) G ^(H, £Pic(L/ B)) is given by {q ® cj 1 }^/. It comes from 
^(il, &ic(Xp/ B)), and is represented there by {(^-^.^(m^j — Sj))}jj 6 j. On the other 

hand, msj can be interpreted as a section of X a = X m(p over C/j, so this cocycle represents 
our Tp(a). 

For step (2), consider the cochain 

{plci^P^hei e ^zc(L x X/3 L/B)). 

/From the discussion in section l3~T1 we know that this cochain is in fact a global section L of 
£?ic{L x X p L/B). We need to show that L = ^i_2,m-3- As usual we identify L x X0 L with 
X v x B Xp x B Xp, so pi and p 2 become pi 3 and p 2 3- 

It suffices to show the equality Lu-i^j = p*Cj ®£>2 c « rl f° r eacn °P en set ^i- This follows 
by the theorem of the cube from the identifications: 

P*id=P*i3 ( t -s 1 x q)*^ 
P*2d=P*23 ( t -s l xq)*^ 

^ = Pl-2,m-3^- 

This finishes the proof of the theorem. □ 
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3.3 The class of the extension gerbe 

In this section we again assume that 7r : X — > B is a smooth elliptic fibration, that Br' an (B) = 
and that a, (3 G III ara (X) are m-compatible with /3 of order m. 

Theorem 3.2 T/ie c/ass [a<^ a ] of the extension gerbe equals T a (/3). In other words pS a is a 
model for pX a . 

Proof. Recall that the assumption Br' an (B) = together with the Leray spectral sequence 
for n a : X a — > B give us an injection 

H 2 an (X a ,O x ) ^H^R^O*) =H l {B,mc{X a /B)). 

In terms of this inclusion, T a (/3) can be identified with the isomorphism class of the 
^ 2) zc(X Q ,/i?)-torsor associated to the &ic°(X a /B) = E£ torsor X@. In order to show 
that [pS'a] = T a (j3) we must first check that T a (/3) pulls back to the trivial element in 

Recall from Section l3.1.2l that the atlas pEU a for the extension presentation is defined by 
fixing an element tp G UI an (X) such that m ■ tp = a and then taking pE\J a := X v . With this 
definition the structure morphism pEU a — > X a is identified with the map q := q™ : X v — > X a 
of multiplication by m along the fibers. 

The pullback via q of relative line bundles defined on the fibers of ir a : X a — > B gives 
rise to a morphism of sheaves of groups 

Q : ^ic(X a /B) — ► &>ic{Xv/B). 

Since q corresponds to multiplication by m, it follows that Q fits in a commutative diagram 



&>ic(X a /B) 



&>ic°(X a /B) 



3£ 



mult,, 



&ic{X^B) 



&ic°{XJB) 



Also, since 7r a o q = tc v , it follows that the pullback map 



q*:H 2 an (X a ,0> 
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is compatible with the Leray spectral sequences for ir a and n^, and so fits in a commutative 
diagram 

H 2 an (X a ,0») q - * Hl(X^Ox) 



Hl(B,mc(X a /B)) Hl n {B,mc{X^/B)) 

H\B,X) ftl(multm) . H\B,SC) 

Thus we can identify q*(T a (/3)) with the class of the ^ic{X 9 / 5)-torsor which is induced from 
the ^ic°{X^/ ' B) = ^T-torsor /i 1 (mult m )(X j a) = X m .p. However by assumption m ■ (5 — 
and so X m .p is trivial as a ^T-torsor. Therefore q*(T a ([3)) = as promised. 

To complete the proof of the theorem we need to realize the cocycle q*(T a ([3)) as a 
coboundary: 

q*(T a ((3)) = d^) 

for some ip G C^X^,, O x ), and then check that the line bundle defined by ip on X^ x Xa X v 
is isomorphic to $g. 

In terms of the inclusion if^X^,, (9 X ) C Hl n (B, £Pic(X v /B)) this amounts to writ- 
ing the class q*(T a ((3)) G H l an {B \!3^ic{X^j 1 B)) as the coboundary of some Cech cochain 
ip G C® n (b, tPi^Xy/B)) and then showing that the global section of ^ic(X v x Xa X v /B) 
determined by ip coincides with the global section given by $ ( g. To carry this out we will 
need to first choose a cocycle representating of Tp(a) G H^ n (B, &ic(X a / B)) or equivalently 
a cocycle representating for the JT-torsor Xp. 

Let il = {Ui} be an analytic open covering of B which trivializes Xp as an X torsor. 
Choose trivializing sections Sj G T(U i: Xp) over each C/j. Then T a (f3) G H^ n (B, £?ic(X a / B)) 
is represented by the Cech cocycle 

{0 Xp { Sj - s t )} G Z\U, 3C) = Z\tt, 0>i<P{XjB)) - Z\ii, mc{X a /B)). 

Here Ox^isj — s«) is viewed as a line bundle of degree zero along the fibers of 
ir a : X a \u-. — > Uij via the canonical identification &ic°(Xp/ B) = = £Pic°(X a / B). 
In particular q*{T a {(5)) G H^ n (B, ^ic(X v /B)) is represented by the cocycle 

{Ox,, (a,- - s t f m } G Z^il, «T) = Z\U, &>ic°(X v /B)) -> ^(il, &ic(X v /B)). 

In order to write this cocycle as a coboundary we will have to trivialize the JT-torsor X m .p. 

Recall that in the construction of the line bundle $^ we used a particular trivialization 
of X m .p, namely the relative line bundle 

Zper an (B,&ic m (Xp/B)). 
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Using we can construct a cochain 

^ = We &ic Q {X v /B)) 
with := Ox^-m • Sj) (g> S^. By construction, ^ determines a global section 

® P^" 1 : 5 -> Pic°(X„ x Xq X^/5), 

namely, the section locally given by p*^ ® V^Pi 1 e r an ([/j, ^ic°(X^ x Xa X^/B)). On the 
other hand the section corresponding to $p — > X^ x Xct X^ can be described as follows. 
Recall from section IS. 1.21 that 



where d : X v x Xa X v 
X[m] satisfying 



Here again 



&p = d*(Mp ® M _1 ) 
X[w] is the natural difference map and M3, Mo are line bundles on 

dSMo^pJEo®^ 1 . 



>x,q B L J 



X x X * 



■X[ml 



stand for the difference maps. 

By construction p*ipi <g> p\^)~ x lives naturally in T(Ui, ^ic°(Xp x B Xp/B)) (which we 
have identified with T(U U ^>ic°(X v x B X v /B))). In view of this, it will be convenient if 
we rewrite all objects as line bundles on Xp x x Xp. To that end, choose a local section 
s : Ui — » Xp and let t- s be the induced isomorphism 



X 



■ XlTL 



Ui 

of translation by s along the fibers. With this notation we have a commutative diagram 



Xm 



X\m] 



Ui 



dp 
do 



(XpX X X, 



P)\Ui 



:X 



t- s Xt_ 



(Xx x X) 



P2 



/'I 



P2 



and thus 



d£M = (t s x t_ s )* o d*M = plO Xp (ms)®p* 2 Xl3 (-ms). 
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Therefore, in order to compare p\ijji <S> pfyi 1 anc ^ d%{Mp ® M ), we need to show that on 
(Xp x x Xp)\ Vi we have 

p*(E /3 (-ms i )) <g> p* 2 (Ep(m Si )) = p^(E /9 (-ms)) ® p^E^ms)) 

for every section s : U{ — > Xg. 

Equivalently, it suffices to show that 

(3.6) KCx 3 (m(s - Sp^M* - s)) = 0. 

On the other hand we have a commutative diagram 

Xp X x Xp 




and since Ox p (m(s — S*)) is of degree zero along the fibers of 7Tg we have 
(3.7) - Si )) = (g^)*Ox(s - s<). 

Here x (s-s;) G r(£7 i} &u?{X/B)) denotes the relat ive line bundle on X corresponding to 
O X0 {s - E F(Ui, ^>ic°(Xp/B)) under the canonical identification 0*ic°(X/B)) = = 
&>ic°{Xp/B). 

The formula ()3.7|) implies that 

plOx^mis - Si )) ^ fi*O x (s - Sl ) 
p* 2 X p(m(si - s)) = fi*O x (si - s) 

and so ()3.6|) holds. The theorem is proven. □ 

3.4 Duality between the lifting and extension presentations 

We are now ready to prove TheorerrlBl for a smooth elliptic fibration 

X^^B, 

a 

over a smooth space B satisfying Br' an (B) = 0. 

Let a, /3, ip e IH an (X) satisfy m(3 = 0, m<p = a (in particular a and (3 are m-compatible). 
We want to compare the derived categories of coherent sheaves on a Xp and pX a . 
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3.4.1 The gerby Fourier-Mukai transform 

Let D\( a Xp) and D'L^pXa) denote the derived categories of coherent sheaves of weight 
one and minus one on the gerbes a Xp and pX a respectively. Alternatively, as explained 
at the end of Section Ei.1.21 we can view D\( a Xp) and D^^pXa) as derived categories of 
Tg(a)-twisted sheaves on Xp and T a {—(3) twisted sheaves on X a respectively 
We want to construct a Fourier-Mukai functor 

FM : D\{ a Xp) —> D^iipXa) 

which is an equivalence. To achieve this we will work with the models a S£p and p<§ a for a Xp 
and pX a respectively. The idea is to use the explicit presentations for these models of the 
gerbes and construct the functor FM in terms of data on the atlases. 

Since Q Jfp = [ a LUp/ a LRp] and pS a = [pEU a / pER a ] we have natural structure mor- 
phisms 

7i : aLUp >- Q.Jzf/3 

1e '■ pEU a s- pS a 

for the lifting and extension presentations. The (derived) pullback by 7 L gives a natural 
functor 

y L :D b ( a j?p)^D b ( a LUp), 

which sends complexes of sheaves on a ££p to objects in D b ( a LUp) preserved by the relations. 
Explicitly, for a C G D\( a ^fp), the pullback J* L C is given by a pair (L, f) where: 

• L is a bounded complex of sheaves on the atlas a LUp = X v x B Xp. 

• f : p\ s L —> P23L (8> ^1-2, m-3 is a quasi-isomorphism of complexes on X^ x B X v x B Xp, 
satisfying the cocycle condition ()2.3|1 . 

Here Pij is the projection of X v x B X V x B Xp onto the product of the i-th and j-th components. 

Under the gerby Fourier-Mukai transform, C should go to an object Q 6 D l L l {pS' a ). To 
produce this object we will perform an integral transform from the derived category of the 
atlas a LUp to the derived category of the atlas pEU a . Again, we would like to use the fact 
that the pullback by 7^ gives a functor 

Y E :D\(p£ a )^D b (pEU a ), 

which sends complexes on pS a to objects in D b (pEU a ) preserved by the relations. In principle 
this is all we can say about the images of ~y* E since even for schemes the derived categories 
of coherent sheaves do not necessarily glue, see e.g. [Har66j. However in the case of pS a we 
can be much more precise. It is known |Pol96| Theorem A] that given a scheme S and a 
finite flat morphism p : U — > S, the derived category of coherent sheaves on S is equivalent 
to the category of pairs (F, 4>), where F G D b (U) and : p\F^p* 2 F is an isomorphism in 
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D h (U x s U) satisfying the cocycle condition in D b (U x s U x s U). If in addition we are given 
a C x bundle R — > U x s U equipped with a biextension isomorphism, so that [U/R] is a O x - 
gerbe on S, we can repeat the reasoning of |Pol96l Theorem A] verbatim to conclude that 



the category D b ([U/R]) is equivalent to the category of pairs (G, if)), where G G D b (U) and 
ip : p\G^pyG <E> R is an isomorphism in D b (U x$ U) satisfying the cocycle condition ()2.3|) 
in D b {U x s U x s U). In particular, since by construction the morphism pEU a = X v —* X a 
is finite and flat, we conclude that 7^ identifies D b _ 1 (p£' a ) with the category of pairs (Q,g) 
where: 

• Q is a bounded complex of sheaves on the atlas pEXJ a = X v . 

• g : a^Q —i p\Q ®p\{M^ 1 <g> M ) is a quasi-isomorphism of complexes on X[m] x B X^, 
satisfying the cocycle condition (j2.H|) . 

Here pi is the projection of X[m] x B X^ onto the i-th component. 

Remark 3.3 The reader may wish to focus on the case when £ is a line bundle on a J£p 
of fiber degree zero, i.e. L — > X v x B Xp is a line bundle with deg^^}^^) — and the 
existence of / is equivalent to having isomorphisms L\ Xv ,x B { y } — C^my) ® E^" 1 for all y G Xp. 

In this case the object Q should be a spectral datum on the gerbe pS a whose support is 
of degree one over B, i.e. Q is a torsion sheaf on X v supported on for some section 

s C X n . 



We will construct the functor FM by first constructing a functor between the derived 
categories on the atlases and then checking that this functor preserves the relations. 
On the level of atlases, consider the functor 

p 1 *:D b (X ip x B X )^D b (X ip ). 

We now have the following: 

Proposition 3.4 The functor p u : D b (X ip x B Xp) — > D b (X (p ) preserves the relations defin- 
ing a J£p and p<S a and so descends to a well defined exact functor 

FM := {YeY 1 °Pi* °7l : D b ( a X ) - D^X^. 

Proof. Let -y* L C = (L, f) be as above. Let Q := p\*L. We need to construct a quasi- 
isomorphism of complexes on X [m] x B X^ 

(3.8) g:a%Q^ p* 2 Q ® p\(M p l ® M ) 

which depends functorially on /. 
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We start by noting that there is a natural commutative diagram 



X v x b X v x b Xp 



X v X Xa Xtp X b X/3 



P r 12 

X v x Xa X, 



P13 



P23 



P r 13 



P r 23 



P r 13 



Xip X b Xp 



X v X b X/3 



Pi 



P r 23 



Since the two bottom squares are fiber products we have the base change formulas: 
(3.9) 



W*xPx*L = Pl2* W*13 L 



Also, using the isomorphism x id : X[m) x B X^ — > X^ x Xa X^ we reduce the problem of 
finding the map ()3.8j) to the equivalent problem of constructing a map 

(3.10) vAPi*L — > vAPi* L ® 

of complexes on X v x Xa X^. Now using ()3.9|) and adjunction, this becomes 

(3.11) pr* 3 L^pr; 3 L®pr* 2 ^, 

on X v x Xa X v x B Xp. Since pr^ 3 L and pr^ L are the restrictions of pl 3 L and P23L, respec- 
tively, from X v x B X v x B Xp to X v x Xa X v x B Xp, the restriction of our map / gives 



/ : pr^ 3 L p4 3 L <g> 



l-2,m-3\X^x Xa X lfi x B X l3 j 



Therefore, in order to reconstruct from / a map ()3.11|) (equivalently g), it suffices to exhibit 
a canonical isomorphism 



(3.12) 



! 2,m-Z\X l p-x,x a X v -x, B X^ 



on X v x Xa X v x B Xp. As a first step in establishing (|3.12|) we note that both sides are 
pullbacks of sheaves on X[m]. On the right hand side, $g was defined as d*(Mp l ® M ) for 
the difference map d : X v x Xa X v — > X[m]. On the left hand side, it suffices (in view of the 
see-saw principle) to argue that, for a point £ 6 A[m], the restriction 



l-2,m-3\{^}x B X v x B X(3 



is trivial. But by the definition of ^i_2, m .3 (see Section l3.1.1|) . this restriction can be identified 
with £® m . Since £ has order m, we are done. 
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To conclude the construction of the map (|3.12|) and the proof of the proposition, we 
need to show that the direct image R°Pi-2*(^ > i-2,m-3\x v x Xa x v x B x l3 ) is isomorphic to the 
line bundle M^ 1 ® M on X[m]. For this it is useful to identify X v x Xa X v x B Xp with 
X[m] x B X Lp x B Xp. Under that identification ^ l i-2 l m-3\x ip x Xoi x ip x B x l3 becomes the pullback 
of & \x[m]x B x under the natural map 

X[m\ x B X^x B Xp *~X[m] x B X 

(£, x, y) i >■ (t qp(y)). 

Thus, the existence of the isomorphism (|3.12|) is equivalent to the existence of an isomorphism 
(3-13) W^wJ = PliMp 1 ® M ), 

where p 1 : X[m) x B Xp — > X[m) is the projection and "Pxm-i '■ X\m\ x B Xp — > X[m] x B X 
is the map given by (£,x) h-» (£,qp(x)). 

Recall from Section \'S. 1.21 that by definition we have 

P * l Mp = apY,p®plY>~ 1 . 

Here ap : X[m] x B Xp is the action, p 2 : X[m] x B Xp — > X^ is the projection on the 
second factor and Hp is a line bundle on Xg of fiber degree m, which corresponds to the 
'multiplication by m' map qp : X^ — > X. 

Look at the embedding X[m] x B X^ G X x B Xp. The projections Pi,p 2 and the maps 
p x m . 2 and ap extend to the natural projections X x B Xp —>■ X and X x B Xp — > Xp and 
maps X x B Xp — > X x B X and X x B Xp — > Xg, which we will denote by the same letters. 

With this notation we have 

Lemma 3.5 Let —>■ X x B X denote the standard Poincare bundle. Then we have a 
natural isomorphism 

Proof of the lemma. We will use the see-saw principle. Let £ G X and let b = 7r(£) G B. 
Then by viewing £ as a line bundle of degree zero on (Xp) b and using the fact that Hp\x b is 
of degree m we compute 

p*i, m .2&mx(x 0)b = qp(O = e m , 

{apY.p®pli:-p% { ^ {Xp)b =tlLp®L^=e- m . 
Thus for every £ we have 

(pl, m .2^®°>pZp®p* 2 Zp 1 ) mx{X0)b = {Xfj)b = {Xf})h 

and so by the see-saw principle Dp := R°p u {p\ m . 2 ^ ® aVEp <8> P^p 1 ) is a line bundle on 
X satisfying 

pl m . 2 ^®a*pEp0 P lE/^plDp. 
47 



To compute the bundle Dp we consider a point x G Xp. Let b = np(x). Restricting to 
X b x {x} we get 

Pi m-2^\x b x{x} — <lp( x ) (considered as a line bundle of degree zero on Xb) 

a*pEp\ Xb x{x} = t* x T,p 

P*2^P\X b x{x} = Xb - 

Next, by the defining relationship between qp and T>p we have that qp(x) is the line bundle of 
degree zero on X corresponding to O^x^imx) (g> S^ 1 under the identification Pic ((Xp)b) = 
Pic°(Xfe). Also, by the definition of a translation we have that £*£g is the tensor product of 
Ox b {rna{b)) with the line bundle of degree zero on Xb corresponding to 0(Xg) b (—Tnx) <8> £/3 
under the identification Pic°((Xp)b) = Pic (Xb). 
In other words, we have 

for all x G X^. This implies that up to a twist by a pullback of a line bundle on B we have 
= Ox(ma). Finally, to fix the choice of this line bundle on B we look at the restriction 
of p*. m . 2 ^ ® a *p^i3 ® P^p 1 on a x B Xp which is clearly isomorphic to Ox^- Hence the line 
bundle on B is trivial and the lemma is proven. □ 

In view of Lemma 13.51 the only thing left to check in order to establish the isomorphism 
(j3.13j) is that the line bundle M on X[m] is isomorphic to the restriction Ox(ina)\x[m]- 
However applying the same reasoning we used in the proof of Lemma f3. 51 to the projections 
Px,P2 :Ix B I-»I and the obvious maps pi >m .2 :Xx B X-^Xx B X and a : X x X — > X, 
we see that p* lm . 2 ^ ® o*QO x (ma) ® p* 2 'x(-ma) = p\O x (ma). On the other hand, from 
the definition of the Poincare bundle we have that P* m .2^\x[m]x B x — O and so M = 
Ox(ma)\x[m]- This finishes the proof of the existence of (|3.12j) . To complete the proof of the 
proposition, it only remains to note that since (Q, g) was constructed from (L, f) by means 
of the pushforward via X^ x B Xp —>■ Xp and the fixed isomorphism ([3.12)1 . it follows that g 
will satisfy the cocycle condition whenever / does. The proposition is proven. □ 

3.4.2 Categorical yoga for equivalences 

We have constructed a functor FM : D\( a Xp) — > D^^pXa). We are going to prove that it 
is an equivalence. In order to do this, it is convenient to recall some general criteria, due to 
Bondal-Orlov and Bridgeland, for equivalences of triangulated categories. 

Throughout this subsection we let F : stf — > SS be an exact functor between triangulated 
categories. A class Q of objects in srf is called a spanning class if for every a G ob s/, the 
left orthogonality condition 

Hom^ / (a,a;) = 0, for all i G Z, uo G Q 
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implies that a = 0, and similarly on the right. Recall the following 



Theorem [B095J A ssume that Vt is a spanning class for stf and that the junctor F : srf 
has left and right adjoints. Then F is fully faithful if and only if it is orthogonal: 

F : Hom^(o;i, ^2)— > Hom^^Fui, Fu> 2 ), for alii € Z, ui,U2 £ f2. 



Assume now that our triangulated category s$ is linear. A functor : srf —>■£/ is 
called [BK90] a Serre functor for srf if it is an exact equivalence and induces bifunctorial 
isomorphisms 

Hom £ /(a, b) — ► Hom it ^(6, S^a) v , for all a, b e ob 

satisfying compatibility with compositions. The basic example of a Serre functor is S : 
D b (X) — » .D 6 (A), := a (g) co>xH, where A is a smooth n-dimensional projective variety 
and ujx is the canonical bundle of A. If a Serre functor exists, it is unique up to an 
isomorphism of functors. We are now ready to state the main equivalence criterion we will 
be using: 



Theorem [Bri99, BKROl] A ssume that srf and SS have Serre functors S^, Sgg, that 
7^ 0, SS is indecomposable, and that F : srf — > SB has a left adjoint. Then F is an 
equivalence if it is fully faithful and it intertwines the Serre functors: FoS^{uj) = S^oF(u) 
on all elements uj G fi in the spanning class. 



We want to show that our gerby Fourier-Mukai functor FM : D\( a Xp) — > DJ^Aq,) is 
an equivalence. The results above suggest that we should first exhibit Serre functors for 
D\( a Xp) and D\(pX a ), and find a suitable spanning class for D\( a Xp). These results, which 
do not involve FM, are carried out in section l3.4.3l below. In section 13. 4. 41 we then complete 
the argument by showing that our FM preserves orthogonality and intertwines the Serre 
functors. 



3.4.3 Serre functors and spanning classes for (9^-gerbes 

Let A be an n-dimensional smooth projective variety. Let c : a X — > A be an O x -gevbe 
corresponding to an element a G H 2 (X, O x ). 

Claim 3.6 The functor 

S: D\{ a X) *D\{ a X) 

a 1 *- a®c*u)x [n] 

is a Serre functor. 
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Proof. For any a,b E D\( a X), we need a natural isomorphism 

Hom D j (aX) (a,6) -> Hom D 6 (aX) (6, 5a) v . 

Since a,b have weight 1, &Hom aX (a,b) has weight 0, so there exists a unique ,W[a,b) e 
L> 6 (X) such that 



It follows that 



Similarly, 



so 



MHom aX (a,b) = c*je(a,b). 



Rom Dbi(aX) (a,b) = KT x (JP(a,b)). 



&Hom aX (b, Sa) = c*(J^(b, a) ® u x [n]), 



Eom Dbi(aX) (b, Sa) v = RT x (JP(b,a) ® cu x [n]) v = i?r x (^(6, a) v ), 
where the last step uses the usual Serre duality. So all we need is the identification 

Jf?(a,b)^J?(b, a) v , 
or a non-degenerate pairing on J(?(a, b) x Ji?(b, a). But since 

c* : D b (X)^D b ( a X) 

is an equivalence of categories, this follows immediately from the non- degenerate pairing on 
MHom aX (a, b) x MHom aX (b, a) given by the trace. □ 



Since our functor F = FM was constructed as a push-forward on the atlases, it has an 
obvious left adjoint G corresponding to the pullback functor on the atlases. Therefore FM 
also has a right adjoint, namely S D b ( x ■> o G o S~L 

Fix a point p G Xp. Since the restriction of a Xp to p is the trivial gerbe on p for any 
a, the torsion sheaf O p can be considered as a weight one sheaf on a Xp for any a. For our 
spanning class Q we take the structure sheaves of points on the space Xp, viewed as sheaves 
of weight one on the stack a Xp. 

Claim 3.7 Let c : a X — > X be an O x -gerbe on a smooth projective X . Then the class Q 
consisting of structure sheaves O p of points on X, viewed as sheaves of weight one on a X , 
is a spanning class for D\{ a X). 
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Proof. In order to show that the class Q is a spanning class, we need to show that for every 
a G obD\( a X), the left orthogonality condition 

Honi^j oI j(a, Op) = 0, for all i G Z,p G X 

implies that a = 0. We also need the analogous result on the right, but this follows using 
the Serre functor. We can also reduce to the case that a is represented by a single sheaf on 
a X, i.e. a is an a-twisted sheaf on X. Now such an a is specified in terms of its sections on 
an appropriate etale atlas U plus some a-twisted gluing. In order to conclude that a = 0, it 
suffices to show that every p G X has a neighborhood U' on which a = 0. But by restricting 
to a small enough neighborhood U' of p in U, we can get the class a to vanish. The restriction 
of a to U' and the O v for p G V become ordinary sheaves. The group Hom^ oX j(a, O p ) can 
be computed on either U or U' . Therefore, the orthogonality condition forces a to vanish on 
U', which is what we need. □ 



3.4.4 Orthogonality and intertwining 

Now that we have a Serre functor and a spanning class, we are ready to apply the general 
results of subsection 13.4.21 to our gerby Fourier-Mukai functor FM. 

Claim 3.8 The gerby Fourier-Mukai functor FM : D\( a Xp) —>■ D^^pXa) is orthogonal 
on Q: 

FM : Hom*3j (aJr/j) (O xl , O^J^Hom^^^FO^, FO X2 ), for all i G Z,x 1 ,x 2 G X p . 

Proof. Recall flH3J) that our functor FM descends from p u : D b (X v x B X p ) -> D h {X (p ). 
Let 61,62 G 5 be the images of xi,x 2 G Xp. If 61 7^ b 2 then the supports are disjoint, so 
the Horn* on both sides clearly vanish. Assume then that b\ = b 2 = b. In this case, the 
structure sheaf O a cg \ Xi is supported on the fiber C Xi = X v x B (xj), and both supports map 
isomorphically to C& = X v Kb (6) C X v . Now FM(O a ^ s \ Xi ) is the line bundle mxi) 
on Cb, so 

YLom l Db ^ Xa) {FMO Xll FMO X2 ) = Hom Ci ,(j^(-mx 1 ), J^(-mx 2 )) 

= Hom ^( Q x,)(^i'^. 2 ), 
completing the proof. □ 



We note that both sides of the claim vanish unless x%, x 2 differ by a point of X[m], in which 
case they define isomorphic sheaves. The spanning class Q may therefore be taken to be 
parametrized by X = XpjX\jn\ rather than by Xp. 

Claim 3.9 The gerby Fourier-Mukai functor FM : D\( a Xp) — > D^^pXa) intertwines the 
Serre functors, i.e.: FM o S a Xg(O p ) = S x a FM{O p ) for all points p G Xp. 

Proof. Follows immediately from the fact that FMO x is supported on C& and that the 
canonical sheaf of Xp restricts to the trivial line bundle on Cj. □ 
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4 Surfaces 



In case X is a surface, we can refine the previous results to include the singular fibers. On a 
surface, any pair of classes a, (3 G III an (X) are complementary in the sense of subsection 12.31 
by Corollary 12. 171 so the gerbes a Xp,pX a are always well- defined. When m(5 = we will 
construct the lifting presentation of a Xp and the extension presentation of pX a . Then we 
will exhibit a Fourier-Mukai transform FM between these presentations. Finally, we will 
show that FM is an equivalence of categories by verifying the criterion of Bondal-Orlov and 
Bridgeland. 

We assume throughout that X is a smooth surface, B is a smooth curve, and the elliptic 
fibration tt : X — * B has at most singular fibers of type I\. Since every such elliptic surface is 
uniquely determined by its monodromy representation it is clear that we can always extend 
X to a smooth compact relatively minimal elliptic surface whose base curve is a suitable 
compactification of B. Furthermore, by Kodaira's classification of compact complex surfaces 
it follows that every smooth compact elliptic surface is Kahler (in fact algebraic). Therefore 
X must be Kahler as well. 

4.1 The lifting presentation 

Our first goal is to construct the lifting presentation of a Xp, in a way that restricts to the 
previously constructed presentation on the non-singular fibers. We start with the second 
projection p 2 : X v x b Xp — > Xp. Unfortunately, this is not an atlas for the gerbe a Xp. The 
problem can be traced back to the fact that the threefold X v x b Xp is singular. So let 

Y := X^TXp 

B 

be a small resolution of X^ x b Xp. Now Y is smooth and equipped with flat morphisms 
V\ : Y — > X^ and u 2 : Y — » Xp which lift pi and p 2 respectively. There is an induced map 

u* 2 : Br' an (Xp) ^ Br' an (Y). 

We claim that Y is an atlas for a Xp, i.e. that a Xp has a presentation: 




where 

aLUp := Y, 

v 2 : Y — > Xp is the second projection, and 
a LRp :=Yx aXp Y. 
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We call (|4.1|) the Lifting Presentation of a Xp. By Remark 12.41 (iv), the fact that (|4.1j) is 
indeed a presentation follows from: 

Lemma 4.1 v*{T p {a)) = 0. 

Proof. Let B° C B be the complement of the discriminant, and let Y° C Y, X° C X be the 
inverse images of 5°. The maps 

lead via the exponential sequence to the diagram: 



Hl(Y,Oy)/H\Y,Z) 



CXPy 



H 2 an (Y,0> 



H 2 an (Y°,0 YO )/H\Y°,Z) 



2(Vo y\ r exPy ? H-2 



H 3 (Xp,Z) = 



H 3 (Y,Z) 



# 3 (Y°,Z). 



We have 



so 



&/*(?>(<*)) = P* 2 d{T p {a)) = u* 2 = 0, 



^(^H) = exp y (a) 

for some a G H 2 n (Y, Oy)/H 2 (Y, Z). We know from 13. ll that Y° is an atlas for the restriction 
of 7/3 (a) to X", so 

= i* xVl{Tp{a)) = i* ox exp Y (a) = exp Yo i* (a). 

But H 2 n (Y, Oy)/H 2 (Y, Z) is a birational invariant, so is an isomorphism. Since exp yo is 
inject ive, we see that a = 0, so we are done. □ 

Counter Example 4.2 Let A° C A be an open subset in a smooth variety. By the bira- 
tional invariance of cohomological Brauer groups [Mil80j, the restriction map: 

is injective. Nevertheless, the analogous map: 

H 2 an {A0l)^Hl n {A°,0l ) 

may fail to be injective. In our situation, all we were able to prove, and fortunately all that 
was needed, was that H 2 n (Y, O y ) -> H 2 n (Y°, O yo ) is injective on the image of H 2 n (X p , 0£ ). 
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As an example, let C C P 3 be a smooth curve of genus > 2, let A be the blowup of P 3 
along C, and let A° := P 3 \ C. Then by the exponential sequence, 

H 2 an (A°,0* ) = H 3 (A°;Z), 
H 2 an (A,0*) = H 3 (A;Z), 

but by excision, H 3 (A°; Z) = H 3 (P 3 , C; Z) = Z, while H 3 (A; Z) = H l (C, Z). 
4.2 The extension presentation 

Next, we want to construct the extension presentation of pX a , in a way that restricts to the 
previously constructed extension presentation on the complement of the singular fibers. Fix 
if G UI an (X) satisfying m • ip — a. Let X°,X° be the inverse images in X^X^ of B°, the 
complement of the discriminant in B. In the non-singular case, our atlas was given by the 
multiplication-by-m map q v : X° — > X°. Unfortunately, this does not extend to a morphism 
q^p : X^ — > X a . Instead, we will construct another (singular!) surface X^ with a birational 
morphism X v —>■ X^ and a flat morphism q v : X v —>■ X a which restricts to the previous q° . 
This data gives a commutative diagram: 

Hl(X a ,<D») S» Hl n {X v ,0*) 

H 2 an (X° a ,0*) S Hl n {X°^0*) 

The exponential sequence shows that the two vertical maps are isomorphisms, as in the proof 
of Lemma 14.11 this uses the fact that H 2 n (X,p,Og )/if 2 (X^,Z) is a birational invariant, 

and that ker[H 3 (X^, Z) -> H 3 (X^,R)} = 0, ker[H 3 (X a , Z) -> iy 3 (X a ,M)] = 0, which in 
turn follows from the observation that the third cohomology of a smooth 4-manifold has no 
torsion and that X v and X a are Kahler surfaces. Since (q°)* kills all classes of order m, it 

follows that so does q* so X v is indeed an atlas. 

In order to construct X^ we have to resolve the rational map q v : X v —+ X a . For 
that we can work locally in the complex topology on B near a point p G B \ B°, i.e. we 
can replace B by a small disc centered at p. Over this disc the group scheme X"[m] has a 
subgroup scheme / C X$ [m] of cycles invariant under the local monodromy around p. Since 
by assumption the singular fibers of X are of type Ji, the group scheme / is isomorphic to 
B x (Z/m) and consists of all the sections in X[m] over the disc that pass through smooth 
points of the fiber X p . Translations by such sections give rise to a well defined action of / on 
Xy which fixes the singular point x p of the fiber {X^) p . Therefore over our disk the rational 
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map q v decomposes as 



X w 9 - >■ X Q 




where s denotes the quotient map. The surface X v /I has a unique singularity at the image 
of the point x p and the map X^/I — > B is a flat genus one fibration. A straightforward local 
computation at the singular point of the ii fiber of X v shows that in suitably chosen local 
coordinates (z, w) near x p the generator of I acts as (z, w) i— > ((z, (w), where ( is a primitive 
m-th root of unity. This implies that the singularity of X v /I is of type A m _i. The minimal 

resolution X^/I — > X v /I of X^/I is a flat genus one fibration over B with a single I m fiber 
over p. 

On the other hand, over our small disk, X a retracts to the singular fiber (X a ) p whose 
fundamental group is Z. Therefore there is a unique m-sheeted etale cover X a — > X a . By 
construction the covering map commutes with the projections n a : X a —>■ B and n a : X a — > B 
and so the fiber (X a ) p of 7c a over the point p 6 5 is a Kodaira fiber of type J m . The surfaces 

X a and Xp/I are clearly isomorphic outside of the preimages of p G B and so are birational. 

Since as genus one fibrations X a and X v jl are both relatively minimal, this implies that X a 

and X^/I are actually isomorphic due to the uniqueness |IKod63j of the relatively minimal 
models. Recall next that by the work of Ito and Nakamura IN99, BKROT] the minimal 



resolution X^/I of X v jl can be identified with the Hilbert scheme of /-clusters in X v . In 
the spirit of [BKR011 consider the universal closed subscheme Z C X v x X v /I with its 
natural projection to X^ and X^/I = X a . There is a commutative diagram of spaces 




where the morphism Z — > X v is birational and surjective and the morphism Z — > X a is 
finite and flat. In particular the composite map 

(4.2) Z -> X a X a 

is a finite and flat morphism which extends the multiplication-by-m map g° : X° — > X°. It 
is also helpful to observe that the two intermediate maps appearing in the construction of 
(J4.2j) are both Galois covers with Galois group isomorphic to Z/m. The first one is just the 
quotient of X v Xx»/J X a by / and the second is the etale Galois cover X a — > X a . 
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Our extension atlas X 9 is obtained by gluing the local surfaces Z defined over small discs 
centered at discriminant points p G B \ B° to X°. We will write e : X v — > X^ for the 
contraction map and : X^ — > X a for the finite flat map gluing each (|4.2|) to q°. Note 
that by construction the surface X v is singular. It has isolated toroidal singularities sitting 
over the singular points of the singular fibers of X a . In particular X v is a normal analytic 
surface. 

4.3 Duality for gerby genus one fibered surfaces 

With the description of the global lifting and extension presentations for gerby genus one 
fibered surfaces in place, we are now ready to construct the Fourier-Mukai functor between 
the derived categories of pure weight one and to show that it is an equivalence. The key 
property of our gerby surfaces, which makes the construction possible is the fact that the 
gerbes appearing in the picture become trivial when we restrict our attention to a piece of 
the surface sitting over a sufficiently small open disk in B. 

We recall our convention that all our direct and inverse images, as well as the tensor 
product, are taken in the derived category. Thus for any space Z, we will simply write ® for 
the derived tensor product (g> L on D b (Z) and for any map of spaces p : Z —>■ T we will write 
p*,p*,p\,P', for the corresponding derived functors (whenever these functors make sense on 
the bounded derived categories). 

Following the pattern of the proof in section 13.4.11 we will construct a Fourier-Mukai 
functor 

FM : Dl{ a X ) - rt^pXj 

by exhibiting an integral transform between the derived categories on the atlases of the 
presentations a ££p and pS a and then checking that this functor preserves the relations. 
To avoid cumbersome notation we will write 

Y := X^TXb and S := X v 
B 

for the atlases of the presentations and p$ a respectively. 

With this notation the relations of a ££$ are given by the total space 

tot(^£ 2)m . 3 ) *Y xx, Y^Y . 

Here ^i_2, m -3 denotes an appropriate line bundle oyiY x Xl} Y which extends the line bundle 
P*-2m3^ > ~^ x B°X°p discussed in section l3.1.1l Note that we know that such a line bundle 
exists due to Lemma HjH Explicitly, the total space tot(^ 1 x _ 2 m3 ) is isomorphic to the stacky 
fiber product Y x a x Y (this product is a space again by Lemma [4. 1)1 . We will write Y° = 
X° x B°Xp for the part of Y sitting over B°, and we put ^i_ 2im . 3 := ^i-2,m-3|r° — P*-2,m-3^ > - 
Similarly the relations of the presentation are given by the total space 

tot($ x ) ,Sx Xa S. 
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Here <3>g denotes an appropriate line bundle which extends the line bundle d*(Mp ® Mj" 1 ) — > 
X° x X g X° discussed in section 13.1.21 As before, the existence of the line bundle §p is 
guaranteed by the observation that the class T a (/3) of the extension gerbe vanishes (see 
section l4~2"j) when we pull it back to 5*. We will write S° = X° for the part of S sitting over 
B° and we put := $p\ S o = d*(Mp <g> Mq 1 ). 

Using the above setup we can now identify the category D\( a Xp) with the category 

of objects L G D b (Y) equipped with descent datum / : p*L — ^> p^L ® ^1-2, m-3 011 
Y x X/3 Y, satisfying the cocycle condition described at the end of section 12.1.21 Simi- 
larly we identify D^^pXa) with the category of objects Q G D b (S) equipped with de- 
scent datum g : p\Q » p\Q $I X on S x Xa S satisfying the same cocycle condition 
as in section 12.1.21 These identifications reduce the problem of constructing the Fourier- 
Mukai functor FM : D\{ a Xp) -> D b _i(pX a ) to the probl em of constructing a functor 
F : D b (Y) — > D b (S) which maps descent data to descent data. 

We will define the functor F as an integral transform with respect to a suitable kernel 
object II G D b (Y x S). We proceed to construct II by gluing together certain locally defined 
coherent sheaves on Y x S. We carry out this gluing in the analytic topology to obtain the 
general functor F we need. Note that in the algebraic case, the kernel II still produces the 
correct functor II in view of the GAGA principle. 

First we look at the smooth part of the genus one fibrations X a , Xp, X v , etc. As usual, 
we write B° C B for the complement of the discriminant of the map it : X — » B. Similarly, 
for any space (or stack) Z — » B mapping to B, we put Z° := Z x B B°. The atlases Y° and 
S° for the gerbes a ££p° and $<Sa can be described simply as 



and so over B° we recover the setup analyzed in section 13.41 In this setup the integral 
transform we need was defined as the pushforward pu : D b (X° x B o Xp) —>■ D b (X°) with 
respect to the projection on the first factor. Equivalently, we can view this functor as the 
integral transform whose kernel is the sheaf A^Ox°x BO x° on X° x B ° X° x B ° Xp, where 
A ¥ ,(x, y) := (x, x, y) for all (x, y) G X° x B o X%. In view of this we set: 



Let now p G B \ B°. Choose small analytic discs p G U p C B around each such p so 
that U p PI U q = for p 7^ q and the genus one fibrations X^ and Xp both admit analytic 
sections over each U p . For any space (or stack) Z — » B mapping to B we will write Z p for 
the restriction Z x B U p . Note that 



Y° = X°x B oX] 



o 




11° := X o XboX o g Coh(A° x Bo X°p) = Coh(F° x Xo S°). 
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and so, in order to extend IP to a globally defined sheaf onY x Xip S, it suffices to construct 
coherent analytic sheaves IP on each Y p x x p S p and isomorphisms 

11 \(Ypx x pSp)d(Y°x x oS°) — 11 \(YPx x pSP)n(Y°x x oS°)- 

Fix a p G B \ B° and let s v : U p — > X p and : £P — > Xg be local holomorphic sections. 
Since the rational map : X v --• » X a is a well defined morphism when restricted to the 
complement X^ of the singular points of the singular fibers of : X v — > 5, and since 
Sip{U p ) C XL it follows that s v induces also a well defined section s a := q v o s v : fP -> X p 
of X p . Consider now the natural map 

u 1 xq v :Y p x X pS p ^X p x UP X p 

and the isomorphism 

t_ S/3 x t_ Sa : XI x UP XI - X p x^ P X p . 
Let ^ p denote the pullback 

^ := [y x x q v )* o (*_ 8/J x *_ S J*(^ X ^), 

Note that the composite map (t_ S/3 x t- Sa ) o x g^) P^xS 1 ^ X p x UP X p factors through 

a small resolution X p x X p — > X p x X p . This implies that the derived pullback of the 

up 

torsion free sheaf &\xpx up xp via (t- S/3 x *-s a ) ° (^1 x Q<p) is equal to the pullback as a coherent 
sheaf. Indeed, the pullback of 2?\xpx v pXp to the small resolution is locally free and hence it 
will pullback to a coherent sheaf £? p (in fact a line bundle) Y p x x p S p . 

The next step is to observe that without a loss of generality we may assume that the 
the gerbes a J£p p — > X^ and pS a p — > X p are trivial. Explicitly this means that we can find 
line bundles J2 P G Pic(P p ) and ip p G Pic(S' p ) on P p and S p respectively, together with 
isomorphisms 

(4.3) &l-2, m -3\YPx xP YP =p\£ P ®p* 2 {£ P y l 

(4.4) <bp\spx xvS p=p\{v)®pi{rr\ 

satisfying the obvious cocycle conditions. 

We will work with particular trivializations of a J£p v and p$J — > X p which we 

build in terms of the sections s v and sp respectively. To construct £? p we use the rational 
map 

Y p v - -X p x UP X*- - - - -X p x UP X p . 

Note that (t- Sip x q™) o v is a morphism from the complement of the exceptional curve n p for 
the small resolution v to the complement of the unique singular point in X p Xjj p X p . Since 
the standard Poincare sheaf s is a rank one torsion free sheaf on X x B X which fails to 
be locally free only at the singular points of X x B X, it follows that the pullback of via 
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the map {t- Stp x q™) o v makes sense as a line bundle denned on Y p \ n p . Combined with 
the observation that Y p is smooth and that n p C Y p is of codimension two, it follows that 
this pullback extends to a unique line bundle J2? p on all of Y p . We can now use the seesaw 
principle in the same way we did in the proof of Theorem 13. II to show that the isomorphism 
()4.3|) exists and satisfies the cocycle condition. 

Similarly, to construct i\) p we note that the section sp gives rise to a relative line bundle 
E/3 ® O x v(-m ■ s p ) G ^ic°(X^/U p ). Under the canonical identification ^>ic°(X^/U p ) = 
aprp _ gPic (Xfl/U p ), this relative bundle corresponds to a relative line bundle ff of degree 
zero along the fibers of X p — > U p and hence to a globally defined line bundle ip p on X p which 

restricts to p p G £Pic°(X p /U p ). We normalize ip p by choosing a trivialization s* ip ip p = Ouv. 
Now the argument used in Theorem 13.21 implies that on [S p x x p S p )p p \{p} we can find 
an isomorphism $/3 = p\ip p <g> p^i^)" 1 which (after possibly rescaling the trivialization 
s *^p ^ Oxjp) will also satisfy the cocycle condition. Now since 5* is an atlas for the gerbe 

pS'a we conclude that ip p on (S p x x vS p )\u p \{ p } extends to a unique line bundle ip p on S p x x pS p 
equipped with an isomorphism (|4.4j) satisfying the cocycle condition. 
We now define the coherent sheaf IP G Coh(Y p x x v S p ) by setting 

IF := @> p ® pK^Y 1 <g> p* s {Vy\ 
where py : Y x S — > Y and ps ■ Y x S — > 5 denote the natural projections. 

With this notation we now have 

Lemma 4.3 For any p G B \ B° there is an isomorphism 

H\{Y°x x oS°)n(YPx x pSP) — ^\(Y°x X oS o )r\(YPx x pSpy 

In particular the sheaves {U p } pe B\B° glue to the sheaf 11° to yield a globally defined analytic 
coherent sheaf TI on Y x S . 

Proof. We have to show that IP is naturally isomorphic to the trivial line bundle on 

(Y°x x „S°)n(Y p x K S p ). 

Write U po for the punctured disc U p \ {p} and for any space or stack Z — > B write Z po 
for the fiber product Z x B U po . Using the isomorphisms t_ Stp and t_ S/3 we can now identify 
TTfp : X po -> U po and iip : X v ° -> U po with the smooth elliptic fibration vr : X po -> £P°. Under 
these identifications the intersection (Y° Xx° 5*°) fl (F p x x p 5 ,p ) gets identified with the fiber 
product X po Xf/po X po . Using the same trivializations to recast £? p and ip p as sheaves 
on X po x UP o X po we get that £P p becomes p\ m . 2 ^, =S P becomes ^. 12 ^ and ^ p becomes C. 
In particular we get that IP corresponds to pi jm -2^ ®V* m -i 2^ s ~ 1 an d so ft suffices to check 
that 
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This however follows immediately from the universal property of on X x B X and the 
seesaw theorem. □ 



The sheaf II gives rise to a well defined integral transform 

(4.5) D\Y) — D 6 (S) 

L ^p s «(p* Y L(g)Tl) 

between the derived categories of analytic coherent sheaves on Y and S respectively. If in 
addition a £ III(X) C UI an (X) is also algebraic, then the atlases Y and S of the lifting 
and extension gerbes are proper separated algebraic spaces and so we can invoke the GAGA 
theorem [Art 701 Corollary 7.15] to conclude that II is an algebraic coherent sheaf on Y x S. 
This implies that in the algebraic context F makes sense as an integral transform between 
algebraic coherent sheaves. 
We now have the following 

Proposition 4.4 The functor F : D b (Y) -> D b (S) defined by (031) maps the descent data 
for the lifting presentation to the descent data for the extension presentation and thus defines 
a functor FM : D b ( a X p ) -> D\( p X a ). 

Proof. Let C be an object in D\( a Xp) represented by descent datum (L, /) for the presen- 
tation a,j£fg. In other words, L is an object in D b (Y) and / : p\L — > p\L ® &i-2,m-z is a 
quasi-isomorphism on F F satisfying the cocycle condition on Y Xx Y Xx Y. 

Consider the object FL £ D b (S). To prove the proposition we need to construct a quasi- 
isomorphism g : p\FL — ► p\FL ® on S x Xa S which depends functorially on / and 
satisfies the cocycle condition on S x Xa S x Xa S . 

Let T := Y x x S and let py : T — > Y and ps '■ T — > S denote the natural projections. 
Then FL = ps*(p Y L ® II), and so our problem boils down to finding a quasi-isomorphism 

g ■ p*iPs*(p* y l ® n) ^ p* 2 ps*(p*yL ® n) ® $^ 

in Xj a S 1 ), which depends functorially on /. In other words we want to compare the 

objects plps*(PyL ® IT) and P2Ps*(PyL ® n) on S 1 x Xo 5. 
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(4.6) 



Since we have an obvious commutative diagram 

pi 



Y x x „ Y 

PyXPY 
PSXPS 

S x B S 



Sx. 



P2 



Pi 



Y 



P2 



P r l 



Pr 2 



Pi 



P2 



PY 



PS 



s 



we see that equivalently we can compare the objects t* pr I ps*(p Y L <E> n) and 
L * P r 2 Ps*(.PyL <S> n). To compute these objects, we would like to perform a base change 
in the commutative squares 



(4.7) 



pi 



Psxps 

S x B S- 



PS 



P r l 



PSXPS 

S x B S 



PS 



pr 2 



s 



Unfortunately these squares are not cartesian and so we do not have the base change property 
on the nose. However we have the following useful 

Remark 4.5 Let X, Y, Z and T be analytic (or algebraic) spaces and let 




be a commutative square of proper maps. Suppose further that the natural map 
u : Z — > Y x T X satisfies u^Oz = Oy Xt x- Then for every F e D b (X) we have a base 
change identification q*p*F = g*f*F in D b (Y). Indeed, we can complete the above square 
to a commutative diagram 
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Since q*p*F = g*f*F we get 



(transitivity) q*p*F = q*u*u*p*F 

(projection formula) = q*(p*F g) u*Oz) 

(assumption) = q*p*F 

(base change) = g*f*F. 



In view of the previous remark we will be able to treat the squares ()4.7|) as base change 
squares if we can show that for the maps 



ui : r x X(3 r -> (s x B s) x P1 ,s, PS r 

we have u\JD = O and u 2if O = O. 
To check this, note that 



and 



u 2 : r x x r — »• (5 x B 5) x K)SiPS r 



r x x „ r 



(5x B S) x (Y x x , Y) 



(Sx B S) T = (Sx B S) Y 

(S x B s) x P2i 5 jPS r = (S x B S) x £op2jXlfi ,u 2 y, 

and so Ui, i = 1,2 are given explicitly by 



•y 

eopi,X v ,v\ 1 



Ui\ (S x B S) x (Yx X(j Y) >(Sx B S) x 

((oi, a 2 ), (W, b 2 )) ({a x , a 2 ),bi). 

This implies in particular that the maps «, fit in the cartesian squares 
{Sx B S) x (Yx x Y) x _l_ 



X<p X Xip 
«1 



(S x B S) x eopij x Vl vi Y 



(eop 2 opr s x B s ) X opr y ) 



Y 



:X<p X B Xp 



and 



(Sx B S) x (Yx Xp Y) 

X<p x sXtp 



(S x B S) x eop2tXipjUl Y 



Pl°PYx • 



■Y 



;X<p X B Xp 



(eopi opr s x fl s ) X (zaj opr y ) 

where z/ : K — > x B Xp is the small resolution map defining Y. 

Since the pullback of O by any morphism is again O, it suffices to check that there is 
a canonical isomorphism v*Oy = XipXBX „. This is obvious by the co homology and base 
change theorem. Thus u^O = O and so the squares ()4.7|) have the base change property 
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In particular, in D b (S x B S) we get identifications: 

P r * Ps*(p Y L ® n) = (p5 x p s ), p*(pyL ® n), 
for all L G D b (Y) and for i = 1,2. Furthermore since 

(Sx Xa s) x (rx X/3 r) = r x r, 

we can identify L*(p s xp s )*p*(p y L<g)II) with Psx Xa s*P*{PY L ®R) where psx Xci s : rx XaXBljS 
r — ► S 1 Xx Q S is the natural projection. 

Now, using the commutativity of the top double square in (|4.fij) we get 

(Psx Xa s)*P*i(p* Y L <g> n) = (psx Xa s)*(((py x ® (Pi n )) ; and 

(psx Xq s)*P2(p^ ® n) = (p 5 x Xc( 5)*(((Py x PyYpIL) ® (p£I)). 

If in addition L G is part of a descend datum (L, /) defining an object in D\( a Xp), 

we can use / to obtain an identification 

(PSx Xa s)*P*i(P Y L ® n ) = (PSx XQ s)*((py X Py)*^! ® ((p y X p y )* ^_ 2> m . 3 ) ® (pjll)). 

Also 

((PSxx a s)*^(Py£ ® n)) ® $^ = (psx Xa s)MPY x py)W) <8) ((Psx^s^ 1 ) ® (pjn)), 

and so, in order to get the desired isomorphism g : p\FL — ► p\FL ® in Z) 6 (S Xj a S) 
we only have to construct a canonical identification 

(4.8) ® (p Y x py)*^i_ 2 , m . 3 = ® pj XXa ^ 

of coherent sheaves on T XXqXsX^ T- 

We will construct the desired map ()4.8|) by gluing some locally defined but canonical 
identifications. Note that at this point we have completely eliminated the derived category 
from the picture. In particular, we are left with a question about sheaves, not complexes, 
and so gluing is a relatively simple matter. 

(i) Over the part of T ^x a x B x T sitting over B° C B, the identification (|4.8|) is just 
the one established in section 13.41 Indeed, by definition IT|r° = Or° and so constructing 
()4.8|) over B° becomes equivalent to constructing a canonical identification (j3.13|) . Such a 
construction was carried out in the proof of Proposition 13.41 

(ii) Over the part of T Xx a x B x T sitting over U p C B, p G B \ B°, we can use again 
the line bundles =S P — > Y p and ip p — > S p appearing in the construction of IP = ILpy to 
trivialize our gerbes. Recall that J2 P and ip p come equipped with the natural isomorphisms 
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(|OJ) and (jOjl . Furthermore IP = 0P p ® p* Y {£ p y x and so establishing (JO) over 

T p x x p X[/pX p T p reduces to constructing an identification: 

p\^ p <g> vXvy{£ v Y l <g> pIpUV)' 1 ® P]>y^ p ® pSPjK^") -1 

II 

(g)p^(^)- 1 ® PsPM^) -1 ® VxP*s(?P p )~ l ®P* 2 P* S V 

or equivalently, after the obvious cancellations, an identification 

pl&>P = p* 2 &> p . 

However S^ p G Coh(T p ) was defined as a pullback of a sheaf on X p x UP X p and so we get a 
canonical identification p\3P p = p\0P p on T p x x p X(7pX p T p . This yields the desired canonical 
identification ()4.8|) over the part of T Xx a x B x T sitting over U p 

Finally it only remains to observe that the isomorphisms chosen in (I4.3j) and (J4.4j) were 
the ones used in the proof of Lemma [4.31 to glue IP and IP on the overlap T p n r°. There- 
fore the identifications in items (i) and (ii) above glue on the overlaps (r x Xa x B x a T) x b 
U po and so we have found our global identification (J4.8|) . This finishes the proof of the 
proposition. □ 



We are now ready to complete the 

Proof of Theorem [21 The only thing left to show is that the gerby Fourier-Mukai trans- 
form FM : D\{ a Xp) -> D\( p X a ) constructed in Proposition IPl is an equivalence of cat- 
egories. We will again use the criterion of Bondal-Orlov and Bridgeland applied to the 
spanning class fl of gerby points in a Xp described in Claim |3~T1 As before we need to show 
that FM intertwines the Serre functors on the sheaves O x G Q and that FM satisfies the 
orthogonality property 

FM : Hom^^^a^aj^Hom^^^Fa^i^aj, for all z G Z,x 1; x 2 G Xp. 

Since by definition the Fourier-Mukai image FMO x is supported on the fiber (pX a )b of 
pX a over the point b = 7^p(x) G B, it suffices to check the intertwining and orthogonality 
properties of FM locally in the base B. 

Over B° these properties were established in Claims l3~Hl and 1331 To check the properties 
for the parts of our gerbes sitting over U p C B we note that the proof of Lemma 14.31 shows 
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that over U p the functor FM fits in a commutative diagram of functors 



FM 



D b m) 



D\X P ) 



L> 6 (X£) 



where the vertical arrows are equivalences. However the bottom arrow is the usual integral 
transform with respect to the Poincare sheaf on an elliptic surface having at most ii fibers. 
Such a transform is an equivalence, e.g. by [BMP 2] . Finally, the functor <8> J2 P ) ° t*_ s 

transforms a structure sheaf of a point x G X p into a sheaf in the spanning class Q p for 
a Xp p and clearly every sheaf in Q p is obtained this way. This implies that FM has the 
orthogonality and intertwining properties for sheaves in Q p . The theorem is proven, □ 



iFiom the statement of Theorem [X] one can derive a whole sequence of new cases of 
Caldararu's conjecture. Indeed, suppose X is an elliptic K3 surface whose singular fibers 
are of type I\ only. Note that for any element a G HI(X) = Hom(Tx,Q/Z) we have a 
natural Hodge isometry Tx a — ker(a) induced by the isogeny of X a and X. In terms of 
the identifications IH(X) = Br'(X) = Hom(T x ,Q/Z) and Br'(X a ) = Hom(ker(a), Q/Z), 
the surjective map T a i p h a '■ HI(X) — > Br'(X a ) sends a homomorphism a : Tx —> Q/Z to its 
restriction a|k er (a) : ker(a) — > Q/Z. Now we have: 



Corollary 4.6 Let X be an elliptic K3 surface whose singular fibers are of type I\ only. Let 
a, a G IH(X) = Hom(T x ,Q/Z) and let (&,/?) G HI(X) x2 6e zn the SL(2,Z) orbit of (a, a). 
Then 



(a) ker 



kerfa) 



Z 



and ker 



ker(P) 



are Hodge isometric; 



(b) D±( a X a ) and Dl(f)Xp) are equivalent. 



we have equivalences D\( a X a ) 



Proof. Part (b) follows from the fact that for every (a, a 
D\{„ a X a ) (by Theorem EI) and D\{ a X a ) = D\( a+a X a ) (since T a (a) = 0). 

For part (a) observe that by our identifications we have isometries of Hodge lattices 

Z = ker(a) fl ker(a) and ker ker(/3) 

\2 



ker 



ker (a) 



'Z 



(a,a):T x ^ (Q/Z) 2 and (b,P) : T x 
!Z) 2 , it follows that ker(a) fl ker(ct) 



: ker(6) fl ker(/3). Since 

^Z) 2 differ by an element of SL(2, Z) acting on 
ker(6) fl ker(/3) as sublattices in Tx- n 
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5 Modified T-duality and the SYZ conjecture 



The celebrated work of Strominger, Yau and Zaslow |SYZ96j interprets mirror symmetry of 
Calabi-Yaus in terms of special Lagrangian (SLAG) torus fibrations. If a CY manifold X 
(with "large complex struture") has mirror X', [SYZ96J conjecture the existence of fibrations 
7r : X — > B and ir' : X' — > B whose generic fibers are SLAG tori dual to each other: each 
parameterizes U(l) flat connections on the other. In particular, each of these fibrations 
admits a SLAG zero-section, corresponding to the trivial connection on the dual fibers. The 
analogy with the situation considered in the main part of our work is clear: the SLAG torus 
fibrations replace the elliptic fibrations, and mirror symmetry (interchanging D-branes of 
type B with D-branes of type A) replaces the Fourier-Mukai transform (which interchanges 
vector bundles with spectral data). 

In this context, the analogue of our gerbes and the Brauer group is given by the "B-fields" 
a G H 2 (X, R/Z). On the other hand, the SLAG analogue of the Tate-Shafarevich group 
of X' is given by H l (B,X f ), which over the locus where tc,tt' are smooth can be identified 
with H l {B, i?V(R/Z)). As in the proof of lemma I2~TT1 H 2 (X, R/Z) is related via a Leray 
spectral sequence to the three groups H l (B, R 2 ~ l 7i*(M./Z)), for % = 1,2, 3. Now for i = 0, the 
local system H°(B, .R 2 7r*(R/Z)) can be identified, over the locus where n is smooth, with the 
group of homotopy classes of sections of X — ► B. Therefore, if the fibration X — » B is good 
in the sense of |Gro981 lGro99j . H°(B, i? 2 7r*(R/Z)) should be thought of as the analogue of 
the Mordell-Weil group of X — > B. Assume that the SLAG fibration X — > B is generic, in 
the sense that the local system .R 2 7r*(R/Z) has no global sections. 

The Leray spectral sequence therefore gives a Brauer-to-Tate-Shafarevich map: 

H 2 (X,R/Z) -> F^S^tt^R/Z)). 

We therefore may as well start with a pair of B-fields a G H 2 (X, R/Z), p G H 2 (X', R/Z) 
on X and X' respectively. Since mirror symmetry involves the B-field in an essential way, 
this suggests that the SYZ conjecture, which is a SLAG analogue of the Fourier-Mukai 
transform for elliptic fibrations, must be supplemented by an analogue of our Theorem [X] 
Let M. be the CY moduli space on which mirror symmetry acts. The emerging picture is 
that M. looks, at least in some approximate sense, like an integrable system. The base is a 
real submanifold Mr C M.. The normal directions are parametrized by the B-fields a, (3 , so 
they form a torus isomorphic to H 2 (X, R/Z) x H 2 (X', R/Z). The original SYZ conjecture 
holds along A^r. As we move in normal directions, X becomes gerby along 5-directions on 
X, while along 5-directions on X', the SLAG fibration on X loses its SLAG zero-section. 
Mirror symmetry interchanges these two behaviors. 

Indeed, the moduli space Ai parameterizes pairs (X, a) where X is a complex mani- 
fold together with a Calabi-Yau metric, and a G H 2 (X, R/Z) is a B-field on it. Mirror 
symmetry is an involution MS : A4 — ► Ai, presumably defined in a neighborhood of the 
"large complex structure" point, taking (X,a) to (X',(3). We let A4r C M. denote the 
locus where a = (3 = 0. It is a component of the fixed locus of the antilinear involution 
which reverses the signs of a and (3. We denote a point of A4r by the mirror pair X, X'. 
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Now a B-field (3 G H 2 (X' , M/Z) on X' determines a point (X',/?) of .M, hence a mirror 
point X^ := MS{X', (3). For small /3, this X^ is a deformation of X, so the additional B- 
field a G # 2 (X, K/Z) on X determines a corresponding B-field 2>(a) G H 2 (Xp, K/Z) on X,g. 



Conjecture 5.1 • The SYZ picture holds (near the large complex structure/large vol- 
ume limit) on .Mr. 

• For a B-field B' on X', the deformed Calabi-Yau Xb> admits a SLAG fibration (gener- 
ally without a section) whose Jacobian (i.e. double dual) is the original SLAG fibration 
(with section) on X. 

• Mirror symmetry preserves the integrable system structure: for any pair a, (3, the 
mirror of (X p ,T p (a)) is (X' a ,T a (f3)). 

We note that this modification of [SYZ96J is consistent with recent interpretations in the 
literature (see |Hit01j and references therein) of D-branes on Calabi-Yaus in the presence of 



a B-field: A D-brane of type B on X is a coherent sheaf on the gerbe given by the B-filed /3, 
while a D-brane of type A on X' is, roughly, a flat U(l) connection on the restriction of the 
gerbe a to a SLAG submanifold in X'. The third part of this conjecture is the exact SLAG 
translation of Theorem [21 



Appendix A (by D.Arinkin) Duality for representations 
of 1-motives 

In this appendix, we sketch a different approach to the Fourier-Mukai transform for 
x -gerbes over smooth genus one fibrations (Theorem B). In this approach, Theorem B 
claims that the dual commutative group stacks (of a certain type) have equivalent derived 
categories of coherent sheaves. Let us review the duality for commutative group stacks 
(sometimes called the duality for generalized 1-motives). 

Recall that the dual X v of an abelian variety X is the moduli space of line bundles 
with zero first Chern class on X. Equivalently, X v parametrizes the extensions of the 
algebraic group X by G m . In this form, the definition immediately generalizes to stacks: for 
a commutative group stack 3£ , its dual JT V is the moduli stack of extensions of commutative 
group stacks 

1 — > G m — > G — > — ► 0. 

The sum of extensions defines a group operation on 3£ y ] actually, JT V is naturally a com- 
mutative group stack. 
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Remark A.l For technical reasons, we use a slightly different definition of the dual stack 
fDefinition lA.2|) . This allows to avoid the discussion of short exact sequences of group stacks; 
also, the group structure on J?T V seems somewhat more natural. 

Let & — > S£ y x SC be the universal JT v -family of extensions of by G m ; in particular, 
& is a G m -torsor on JT V x (in fact, 8? is a biextension of JT V x by G m ). Notice that 
we can also view & as a ^"-family of extensions of JT V by G m ; this defines a morphism 

— > (=^T V ) v . The main idea of the Fourier-Mukai transform for commutative group stacks 
can be informally stated as follows: 

For a "good" commutative group stack 3£ , the morphism 3£ — > (i$T v ) v 
(A.l) ^ s an isomorphism, and the Fourier-Mukai transform defined by <^c is 

an equivalence FM : L> fe (J") -> D b {3£ y ). Here ^> c is the line bundle 
on associated to the G m -torsor 

Now let us explain how Theorem B fits into the framework of the duality for commutative 
group stacks. First, we notice that the C x -gerbe a X over X is a group stack. Then we see 
that a Xf3 is a torsor over the group stack a X ; more precisely, the gerbes constructed using 
the lifting presentation and the extension presentation (from Section 3.1) have a natural 
structure of Q X -torsors. 

Torsors over a group stack can be thought of as extensions of Z by this group stack; in 
this way, a Xp defines a commutative group stack a Xp that fits into an exact sequence 

— > a X — > a Xp —y Z — >• 0. 

The argument in section 13.41 shows that the constructions of the lifting presentation and 
the extension presentation are dual, so a Xp and -pX a are dual commutative group stacks 
(provided that we use the lifting presentation for one of the two stacks and the extension 
presentation for the other). Moreover, these stacks are "good" in the sense of (|A.1|) . and 
so the Fourier-Mukai transform gives an equivalence between D b ( a Xp) and D b (_pX a ). The 
Fourier-Mukai transform of Theorem B is the restriction of this equivalence to direct sum- 
mands in the derived categories (see Section IA.2j) 

In the rest of the appendix, we discuss the notion of the dual of a group stack (Section 
lA.ljl and the special case when the group stack is an extension of Z ( Section IA.2|) . No proofs 
are given, but most statements are almost obvious. 

I learned about the duality for commutative group stacks from A. Beilinson, and I am 
deeply grateful to him for the explanation. 

A.l Duality for commutative group stacks 

^From now on, the word 'stack' means an algebraic stack locally of finite type over a fixed 
base scheme B. All results also have an analytic version. 
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Definition A. 2 For a commutative group stack 3£ , the dual stack S£ y parametrizes 1- 
morphisms of commutative group stacks from 3£ to BG m (the classifying stack of G m ). 
Thus, for a B -scheme S, the category 3£ y (S) is the category of 1-morphisms of commutative 
group S-stacks 5£ x B S — > BG m x S. Notice that i*T v does not have to be algebraic. 

Remark A. 3 For the definition to make sense, we need certain smallness assumptions. 
Indeed, if S£ and *3f are stacks on a site B, the 1-morphisms from 3£ to <3/ form a stack 
only if 3£ , and B are small. However, this problem can be avoided if we assume that 
3£ is an algebraic stack which is locally of finite type and replace the category of finitely 
presented 5-schemes by an equivalent small category. 

Example A. 4 If S£ is an abelian scheme over B, then i£~ v is the dual abelian scheme. 

Example A. 5 Let = G be an affine (or ind-affine) abelian group (over C). Then is 
the classifying stack of the Cartier dual of G. In particular, if i?f = Z, we have = BG m . 

Another example is provided by the stacks a Xp (constructed using either the lifting 
presentation or the extension presentation). It is clear from the construction that locally 
on B, the stack a Xp is isomorphic to X x BG m x Z; globally, it carries a natural filtration 
C X« C X® C Jt p with X« = BG m , X^/X^ = X, and Jtp/X® = Z. This implies 
the following statement: 

Proposition A. 6 a Xp is "good" in the sense of < IA.l)) . 

Proof. The property of being "good" is local on B, so it is enough to notice that the 
stacks X, BG m , and Z are "good". □ 

In particular, we see that the Fourier-Mukai transform gives an equivalence between 
D b { a X p ) and D\_ p X a ). 

A. 2 Duality for torsors 

Now suppose & is a commutative group stack which is "good" , and let 3C' be a torsor over 
'. Denote by the corresponding extension of Z by it fits into the exact sequence 

o^Jf^^^z^o 

and 3£' is identified with the preimage of 1 G Z. Notice that locally on B, the torsor is 
trivial, so S£ is isomorphic to SC x Z. Since both 3C and Z are "good", so is S£ . The 
dual stack i£~ v is isomorphic to i£~ v x BG m locally on B (globally, it contains a substack 
isomorphic to BG m , and the quotient equals i*T v ). In particular, if S£ y is actually a space 
(rather than a stack), then <^T V is an (9 x -gerbe over the space. The following statement is 
clear: 
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Proposition A. 7 The Fourier- Mukai functor FM : D b {^) — > D b {^ y ) induces an equiv- 
alence D b (S£') -> D\(j£ y ), where D\(^ y ) c D b (M y ) is the complete subcategory of objects 
F such that the action of G m on H l (F) is tautological. Here the action is induced by the 
morphism BG m — > i*T v . 

In the case of duality between a Xp and -pX a , both stacks are torsors (over a Xp and 
-pX a , respectively), and so we get equivalences 

and 

They induce an equivalence 

This is exactly what Theorem B claims. 
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